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ADVERTISEMENT 



TO THE FIRST EDITION. 



The following treatise, except the introduction and notes, is a 
translation of the Principes de Calcul qui servent d' Introduction 
aux Sciences Physico-Mathematiques of Bezout. It was selected 
on account of the plain and perspicuous manner for which the 
author is so well known, as also on account of its brevity and 
adaptation in other respects to the wants of those who have but 
little time to devote to such studies. The easier and more impor- 
tant parts are distinguished from those which are more difficult 
or of less frequent, use, by being printed in a larger character* 
In the Introduction; taken from Carnot's Reflexions sur la Meta- 
physique du Calcul Infinitesimal, a few examples are given to 
show the truth of the infinitesimal method, independently of its 
technical form. Moreover in the 4th of the notes, subjoined at 
the end, some account is given from the same work, of the 
methods previously in use, analogous to the Infinitesimal Analysis. 
The other notes are intended to supply the deficiencies of La- 
croix's Algebra (Cambridge Translation), considered as a prepara- 
tory work. 

Since this treatise was anndunced, the compiler of the Cambridge 
Mathematics has been obliged, on account of absence from the 
country and infirmity of sight, to resign his work into other hands. 
This circumstance is mentioned to account for the delay attending 
the publication, as well as the occasional want of conformity to 
other parts of the course in the mode of rendering certain words 
tod phrases which a revision of the translation, had it been prac- 
ticable^ would have easily remedied. 

Cambridge, July, 1824. 
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INTRODUCTION. 



The Infinitesimal Analysis, as presented in the following 
Treatise^ proposes to ascertain the relation of definite, assignable 
quantities, by comparing them with quantities which are here called 
infinitely small. But by infinitely small quantities is meant 
quantities which may be made as small as we please, without alter- 
ing the value of those with which they are compared, and whose 
ratio is sought. The first idea of this calculus was probably sug- 
gested by the difficulties which are often met with in endeavouring 
to express by equations the different conditions of a problem, and 
in resolving these equations when formed. When the exact 
solution of a problem is too difficult, it is natural to endeavour to 
approximate as nearly as possible to an accurate solution, by neg- 
lecting those quantities which embarrass the combinations, if it is 
seen that they are so small, that the neglect of them will not 
materially affect the result. Thus, for example, it being found 
very difficult to discover directly the properties of curves, mathe- 
maticians would have recourse to the expedient of considering 
them as polygons of a great number of sides. For, if a regular 
polygon be inscribed in a circle, it is manifest^ that these two 
figures, although they can never coincide and become the same, 
approach each other the more nearly in proportion as the number 
of the sides of the polygon increases. Whence it follows, that, 
by supposing the number of sides very great indeed, we may, 
without any very sensible error, attribute to the circle the proper- 
ties which are found* to belong to the inscribed polygon. And if, 
in the course of a calculation, we should find a circumstance in 
which the process would be much simplified by neglecting one of 
these exceedingly small sides, when compared with a radius, for 
example, we might evidently do it without inconvenience, since 

1 



^ Introduction. 

the error which would result would be so extremely small, that it 
need not be noticed. 

Let it be proposed, for example, to draw a tangent to the point 

• f ° f the r curve AMB (fig- 1) considered as part of the circum- 
ierence of a circle. 

Let q be the centre, and APq the axis ; call the absciss AP 
x, and the corresponding ordinate PM, y, and let TP be the 
subtangent sought. 

To find this, we consider the circle as a polygon of a very great 
number of sides, and Mm as one of these sides ; we produce 
Mm um,l it meets the axis, and it. is evidently the tangent in 
question since ,t does not penetrate the polygon. We let fall 
upon ^Q the perpendicular mp, and call the radius of the circle * 
a. lne similar triangles Mr m, TPM, give 

Mr:rm::TP: PM, or Er^IP 

JXow, since the equation of the curve for the point M is 

it will be, for the point m, 

developing, we have ' 

y a +2y-™ + ™=2ax + 2 a .Mr~- x *- 2x .Mr'_M? 
from which, if we subtract the equation for the point M, we 

Whence^-XC = 2a ^- 2 -^'^ 

j^T_ Zy + rm 
rm 2a~2x~Mr 
Substituting for £ its value found ^ and 

y, we have 

TP — . y Cby+rni ) 
„ 5Sa— 2s — If? 

J! ? 1 1 , ."£ *7« kn0WD > - "d have the value of 

I^Zm^I h' We 7L Very Sma "' Since ** « each 
«ess than Mm, which ,s itself, by supposition, very small Thev 

are, moreover perfectly arbitrary, since there i St. ?Z 

ss; ir":^ m r tude ' and ** ™? £-«- 

indefinitely small without affecting the lines TP and PM, with 
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which they are compared. We may therefore neglect, without 

any material error, these quantities so small, compared with the 

quantities 2 y and 2 a — 2 x, to which they are joined ; and the 

v 2 
equation is thus reduced to TP = — — . This value, thus found 
^ a — x 

by neglecting the very small quantities m r and Mr, is not only 

nearly accurate, as might be supposed, but absolutely exact, as is 

thus shown. The similar triangles QPJf, MPT, give 

qP:MP::MP:PT; 

whence 

PT =*$=-*?-, « ■*"•• 

QP a — x 7 

The above result is thus obtained by a balance of errors ; the 
error made in supposing the circumference to be a polygon being 
compensated by neglecting the small quantities m r and Mr to 
obtain the final value : and the omission of these quantities is not 
only allowable, but is absolutely necessary to fulfil the conditions of 
the problem.f 

As a second example, we suppose that it is required to find the 
surface of a given circle. 

We here also may consider the curve as a regular polygon of a 
peat number of sides. The area of a regular polygon is equal 
to the product of its perimeter, by half of the perpendicular let 
fall from the centre upon one of the sides. Therefore the circle, 
considered as a polygon of a great number of sides, is equal Jp the 
product of its circumference by half the radius ; a proposition 
which is no less exact than the result found above. 

In the examples just given, it is seen that great advantage, is 
obtained by employing quantities which are very small com- 
pared with the principal quantities in question. The same prin- 
ciple once admitted may be very generally applied ; all other 
curves may, as well as the circle, be considered as polygons of a 

t If it be asked, how we may be sure in similar cases, that the 
compensation of errors has taken place, it may be observed, that the 
error, if any exist, depends upon the arbitrary quantities r m and M r, 
and may be made as small as we please by diminishing these quan- 
tities ; but as these disappear in the final result, the error disappears 
with them, and leaves the result perfectly accurate. 
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great number of sides. All surfaces may be considered as divided 
into a multitude of zones, all bodies into corpuscles ; in short, 
all quantities to be decomposed into small parts of the same kind 
as themselves. Hence will arise many new relations and combina- 
tions, and it is easy to judge, from the examples given above, of 
the resources furnished to the calculus by the introduction of these 
elementary quantities. 

The advantage obtained is even much greater than we should 
at first expect, since, in many cases, as we have seen above, the % 
method employed is . not merely an approximation, but leads to 
perfectly accurate results. It becomes therefore an interesting 
object, to ascertain when this is the case, to extend the application 
of the principle, and to reduce the methods employed to a strict 
and regular system. Such is the object of the infinitesimal 
analysis. 

We shall now give some problems, tending to throw light on the 
mode of reasoning employed in this calculus. 

1. To draw a tangent to the common cycloid. 

» 

Let AEB {Jig> 54) be a common cycloid, of whieh the gene- 
rating circle is Ep q F. The principal property of this cycloid 
is, that for any point m, the portion m p of the ordinate, comprised 
between the curve and the circumference of the generating circle, 
is equal to the arc Ep of that circumference. 

Draw to the point p of this circumference a tangent p T 9 and 
let it be required to find the point T where this tangent is inter- 
sected by m T, the tangent of the cycloid. 

In order to this, we draw a new ordinate n q infinitely near to 
the first m p, and through m draw m r parallel to the little arc p y, 
which, as well as m n, we consider as a straight line. 

It is evident that the two triangles mnr, Tmp, will be similar, 
and we shall consequently have mr : n r : : Tp : m p. But 
since, by the properties of the cycloid, we have E q = w q and 
J5p = mjp, we shall have, by subtracting the second of these 
equations from the other, E q — Ep = n q — mp, or p q=znr, 
orwr = nr. Wherefore, by reason of the proportion found 
above, we have Tp = m p 9 or Tp = Ep, that is, the subtangent 
Tp is always equal to the corresponding arc Ep. This equation 
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is disengaged, by the disappearance of m r and n r, from every 
consideration of infinite or arbitrary ; whence the proposition is 
rigorously and necessarily exact. 

2. To show that in motion uniformly accelerated, the spaces de- 
scribed are as the squares of the times, reckoning from the 
beginning of the motion. 

In this motion, the accelerating force acts constantly in the same 
manner, wherefore, if we suppose g to be the velocity communi- 
cated in each unit of time, the successive velocities will evidently 
form the series g, 2 g f 3 g, 4 g, he. ; so that after a number of units 
of time marked by t, the velocity acquired will be as many times 
g as there are units in t, that is, calling the velocity u, u will 
equal g t. 

Since the velocities g, 2 g, &c. are each nothing but the space 
which the moving body describes in the corresponding interval of 
time, the total space described during the time t will be the sum of 
the terms of this arithmetical progression. But the sum of the terms 
of such a progression is found by multiplying the sum of the first 
and last terms by half the number of terms. Whence, this sum 
will be, (substituting u for its value g t, which is the last term,) 

\S + U J X -g. Whence, if we represent the space by s, we have 

s = (g + u)X-^. 

Let us now conceive that the accelerating force acts without 
interruption, or, which is the same, that the time is divided into 
an infinite number of infinitely small parts called instants, and that, 
at the beginning or end of each instant, the accelerating force 
gives a new impulse to the moving body. We conceive, more- 
over, that it acts by infinitely small degrees. Then g, being infi- 
nitely small compared with u, which is the velocity acquired in 
the infinite number of instants indicated by t, we must, in the 

equation s = (g + v) — , omit g, and we shall have s = — . 

If we call the velocity acquired at the end of a second, p, the 
velocity acquired after a number, t, of seconds, will be t p. 

Whence u=pt. The equation 5 = —, found above, will thus, 
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p t 2 
become s=^-— . If, therefore, we represent by S another space 

described in the same manner during the time T, we shall in like 

p T 2 
manner have 5='^-^— , whence we may conclude 

which was to be proved ; and which', being freed from all conside- 
ration of infinite, is necessarily and rigorously exact. 

3. To determine in what manner to divide a quantity, a, into two 
parts, in such a manner that the product of these parts shall 
be the greatest possible. 

Let x be one of the parts, the other will be a — x, 'and the 
product will be ax — x 2 . Let this product be supposed the 
greatest possible product of the two parts of a. Suppose x to 
take a new value infinitely little differing from its present value. 
Let this be x -f- A. This value, substituted in the above product, 
gives a a? + a A — x 2 — 2x h — A 2 . If we subtract the former 
value a a?-— a? 2 from this, there will remain ah — 2 A a? — A 2 . 
Now since ax — x 2 was by supposition the greatest product possi- 
ble, this increase must be nothing ; therefore 

ah — 2 A x j— A 2 = ; or a A = 2 A x -+- A 2 . 
But A 2 is infinitely small compared with 2 A x, since it is an infi- 
nitely small part of an infinitely small quantity ,f and may there- 
fore be neglected. We therefore have 

a A = 2 A x, or a = 2 x, or x = g, 

on the supposition that the product is the greatest possible. 
Whence we conclude, that each of the two parts is one half of a. 
These examples are introduced to show how the principles of 
the infinitesimal analysis may be employed in ordinary reasoning 
and in common algebra. In the following treatise the same prin- 
ciples are reduced to a system in the Differential and Integral 
Calculus. 



t If A is onlv 1 A 2 — 1 
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t 

Algebra and the application of Algebra to Geometry contain 
the rules necessary to calculate quantities of any definite magni- 
tude whatever. But quantities are sometimes considered as varying 
in magnitude, or as having arrived at a given state of magnitude 
by different, successive variations. The consideration of these 
variations gives rise to another branch of analysis, which is of the 
greatest use in the physico-mathematical sciences, and especially 
in Mechanics, in which we often have no other means of deter- 
mining the ratio of quantities, which enter into questions relative 
to this science, than that of considering the* ratios of their varia- 
tions, that is to say, of the increments and decrements which they 
each instant receive. 

As an introduction, therefore, to Mechanics and the other 
branches of Natural Philosophy, it is well to obtain some knowl- 
edge of this part of the calculus, the object of which is, to decom- 
pose quantities into the elements of which they are composed, 
and to ascend or go back again from the elements to the quantities 
themselves. This is, strictly speaking, rather an application of 
the methods, and even a simplification of the rules of the former 
branches of analysis, than a new branch. 

2. We propose to ourselves two objects. The first is, to show 
how to descend from quantities to their elements ; and the method 
of accomplishing this, is called the Differential Calculus. The 
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second is, tp point out the way of ascending from the elements 
of quantities to the quantities themselves ; and this method is 
called the Integral Calculus. 

So much of these two methods* as is of essential importance, 
may be easily understood, as it is but a consequence of former 
parts of analysis. Those branches of these methods, which require 
more delicate researches, or which are of a less frequent applica- 
tion, will be distinguished by being printed in a smaller type. 

3. As we are about to consider quantities with relation to their 
elements, that is to say, their infinitely small increments, it is 
necessary, before proceeding farther, to explain what is meant by 
quantities infinitely small, infinitely great, &c, and to point out 
the subordination which must be established between these quan- 
tities in calculation. 

4. We say that a quantity is infinitely great or infinitely small 
with regard to another, when it is not possible to assign any 
quantity sufficiently large or sufficiently small to express the ratio 
of the two, that is, the number of times that one contains the 
other. 

Since a quantity, as long as it is such, must always be suscep- 
tible of increase and diminution, there can be no quantity so 
small or so great, with regard to another quantity, but we may 
' conceive of a third infinitely smaller or greater. For example, 
if x is infinitely great with regard to a, although it be then impos- 
sible to assign their ratio, this does not prevent our conceiving of 
a third quantity, which 'shall be to x, as x is to a, that is, which 
shall be the fourth term of a proportion, of which the three first 

x 2 
are a : x : : x : \ this fourth term, which is — , must therefore be 

a 

infinitely greater than x, since it contains x as many times as x 

is supposed to contain a. In the same manner, nothing prevents 

our conceiving of the fourth term of this proportion, x : a : : a : z; 

a 2 
and this fourth term, which is — , will be infinitely smaller than a, 

X 

since it is contained by a as many times as a is supposed to be 
contained by x. There are no bounds to the imagination in this 
respect; and we may still conceive of a new quantity, which 

shall be infinitely smaller with regard to — than — is with re- 

x x 
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gard to a. We call these quantities infinitely great or infinitely 
small quantities of different orders. 

In general, the product of two infinitely great quantities or of two 
infinitely small quantities of the first order, is infinitely greater or 
infinitely smaller than either of the two factors ; for, x y : y : : x : 1 ; 
but, if x is infinite, it contains unity an infinite number of times, 
x y, therefore, contains y an infinite number of times. A similar 
course of reasoning shows that a product or a power, of any num- 
ber of dimensions whatever, and all of whose factors are infinite, 
is of an order of infinite marked by the number of its factors ; 
thus, when x is infinite, a: 4 is an infinite of the fourth order, that 
is, infinitely greater than # 3 , which is infinitely greater than a? 2 , 
which is itself infinitely greater than x. For 

/yi4 • in3 • ■ t\o • in2 • • *p£ • f\ • • nn • 1 

U/ • Ms • • IA/ • \JU ••I*/ a U/ • • l*/ • X* 

On the contrary, if x were infinitely small, a? 4 would be then an 
infinitely small quantity of the fourth order, that is, infinitely 
smaller thap a? 3 , while x 3 would be infinitely smaller than x 2 , 
which would be infinitely smaller than x. 

Again, a fraction, whose numerator is a finite quantity, and 
whose denominator is any power of an infinite quantity, is of an 
order of infinitely small quantities, marked by the exponent of 

b 
that power. Thus, — , for example, is an infinitely small, quantity 

X 

x 

of the second order, if x is infinite ; and — an infinitely small quan- 
tity of the third order. For 

b b 1 . , 

• — ~ "" ~ • • " • X • • X • tAf. 

X 2 X X 

But if a product have not all its factors infinite, then its order 
of infinity is to be determined by the number of those factors 
only which are infinite ; thus a x y 9 for example, is of the same 
order as x y ; since a x y : x y : : a : ], and this last ratib, a : 1 

or — , is a determinate ratio, if a is a finite quantity. 

This difference is worthy of observation in the comparison of 
infinitely great or infinitely small quantities with each other or 
with other quantities, with regard to which they are infinitely great 
or small. If x be infinite with regard to a, nothing can measure ^ 
their ratio ; but, on the same supposition, the ratio of x, to x mul- 

2 
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tiplied or divided by any finite number whatever, is a finite ratio. 
For example, x being infinite or infinitely small, is not comparable 
to a, a being supposed a finite number ; but it may be compared 
with a x 9 since x : a x : : 1 : a. 

5. To express, by the calculus, that a quantity x is infinite with 
regard to another quantity a ; or, which is the same thing, to ex- 
press that a is infinitely small with regard to x, we must, in the 
algebraical expression where these quantities are found together, 
reject all the powers of x lower than the highest, and consequently 

all those terms without x. If, for example, in - — 4-;. x is sup- 

r 5 x -(- b r 

posed infinite with regard to a and b, we must suppress a and 6, 

and we shall have -— ■ or - for the value of - — ^P_,,when x is 

5 x 5 5 x -J- o 

infinite. For - — 3L- is the same thing as ?, dividing the 

x 
numerator and denominator by x ; and, when we suppose x to be 

infinite with regard to a and b, the fractions - and -, which repre- 

X X 

sent the ratios of a and b to x, must necessarily be suppressed, 
since, by this supposition, these ratios are less than any quantity 
whatever ; wherefore, in this case, the proposed quantity is reduced 

to F . 

The quantity x 2 + a % x -f- b would, in like manner, be reduced 
to x 2 , on the supposition that x were infinite. For it is only on 
the supposition that b adds nothing to the value of a x + b that x 
can be said to be infinite : and in the same manner, it is only by 
supposing that a x adds nothing to the value of x 2 -f- a x that x 2 
can be said to be infinite. Wherefore, both a x and b must be 
considered as of no value by the side of x 2 , and are therefore to 
be rejected, and the quantity is reduced to x 2 . 

If, on the contrary, x were infinitely small, it would be neces- 
sary to retain those terms only in which the exponent of x is 
smallest. Thus x 2 -f- a x is reduced to a x } when x is infinitely 

small ; and " — J-3, upon the same supposition, is reduced to -. 



lus, not expressing that - and - are ratios less than any assigna- 
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It need not be apprehended that these omissions will affect 
the consequences to be drawn from the calculations in which they 
may be made. On the contrary, it is only by these omissions 
that we can express what we mean to express, viz. that x is infi- 
nitely great or infinitely small. It is only by these omissions that 
we can arrive at a conclusion conformable to the supposition 
which we have made. For if, when we supposed x infinite, we 
should not reject the terms just pointed out ; if, for example, in 

3+ - 
z — n—r or r> w e should not reject - and -, then the calcu- 

x 

6 

X X 

ble quantity, would not answer what it is required to know, viz. 
what is the value of that quantity when, x is infinite ; in short by 

allowing - and - to have any effect on the value sought, we con- 

X X 

tradict the supposition which we have made, that x is infinite. 

We shall not want occasions for verifying the exactness of this 
principle of neglecting infinite quantities of the inferior orders. 
For the present, the following example will confirm the reasoning 
just made use of. Let there be the series £, § , J, £, &, f , &c. ; 
the terms of this series evidently approach nearer and nearer to 
unity, yet without ever being able to pass this limit. Now each 

term may be represented by — -r-y, by substituting for x the 

number expressing the place of that term. Since then the terms 
continually approach unity, and that the more nearly, as they are 
farther from the beginning of the series, they can reach that limit 
only at an infinite distance from the beginning of the series; in 
order, therefore, to express the last term of this series, we must 

suppose in that x is infinite; but, conformably to the prin- 

X ' I X 

IT 

ciple, this quantity must then be reduced to -, that is to say, to 

JO 

1 ; the omission, therefore, of the term + 1 in the expression 
— — — , so far from making the conclusion false, is, on the contrary, 

X "T— X 

that which makes it what it ought to be. In short, by making, this 
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omission, we act conformably to the supposition which has been 
made. 

Such is the subordination which must be established in the cal-* 
cuius, between infinitely great and infinitely small quantities of 
different orders. But in the application of this principle of the 
omission of quantities, certain particular cases may occur which 
it will be well to notice. 

Suppose we have the two quantities 

x 2 -+- a x -f- by and x 2 ~\- a x -(- c ; 
when x is infinite, each of these is evidently reduced to x 2 , so 
that their difference, in this case, seems to be nothing. But if we 
take this difference according to the common rules, we find it 
b — c, or c — 6, whether x be infinite or not. This seeming dif- 
ficulty, however, is easily solved. For the difference of these 
quantities is really b — core — b ; but when we seek this differ- 
ence, after having supposed x infinite in each, it is the same as 
asking what this difference is, compared to the quantities them- 
selves ; and, since each of them is infinite, we ought to find, as we 
do in fact, that the difference is nothing in comparison with them. 
When, therefore, it is asked what the result of certain operations 
on several quantities becomes, on the supposition that x is infinite, 
it is to the result that we must apply the principle stated above, 
and not to each of the quantities taken separately. Thus we 
shall find that the sum of 

— x 2 + a x + b, and x 2 -|- b x -(- c, 
is reduced, when x is infinite, to a x -+- b x ; for, by the general 
rule, it is a x -(- b x + b + c, which, when x is infinite, is reduced 
to a x -(- b x. In like manner, if we had x — \/ X 2 — b2 ; this 
quantity, when x is infinite, seems to be nothing. But as \/x2 — b2 
is only an indication of the root of x 2 — J 2 , we must, in order to 
find the difference between this quantity and x, reduce — \/x2 — 52 
to a series (Alg. 144); the quantity x — \/ X 2 — 12 will then 

b 2 6 4 b 2 b* 

become x — x + — + — - + &c, or -—+ — -(- &c, which, 

%x ox 3 2x or 

b 2 
when x is infinite with regard to 6, is reduced to 



2x 
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Elements of the Differential Calculus. 

6. When we consider a variable quantity as increasing by 
infinitely small degrees, if we wish to know the value of those 
increments, the mode which most naturally presents itself is, to 
determine the value of this quantity for any one instant, and the 
value of the same quantity for the instant immediately following. 
The difference of these two values is the increment or decrement 
by which this quantity has been increased or diminished. This 
difference is also called the differential of the quantity. 

7. To mark the differential of a simple variable quantity, as x 
or y, we write d x or d y ; that is, we place before the variable 
the initial d of the word difference. But when we wish to indi- 
cate the differential of a compound quantity, as x 2 , 5x 2 +3# 2 , 
or y/ X 2 — a2, &c, we enclose this quantity in a parenthesis, before 
which we write the letter d ; thus we write 

d (x 2 ), d (5 x* + 3 x 2 ), d (V** - a*), &c. 
The differential of a compound quantity is also sometimes expressed 
by a point between d and the quantity, as d . x 2 , d . xyz, &c. 

We shall hereafter represent the" variable quantities by the last 
letters of the alphabet, t, u, x, y, z; and the constant quantities, 
or those which always preserve the same value, by the first letters, 
a, b, c, &c;, and if they are used otherwise, notice of it will be 
given. As to the letter rf, it will be used only to designate the 
differential of the quantity before which it is placed. 

8. Agreeably to the idea which has just been given of the difc 
ferential of a quantity, we see, that to get the differential of a 
quantity which contains only variables of the first degree, and 
neither multiplied nor divided by each other, we have only to 
write the characteristic, d, before each variable, leaving the sign 
of each unchanged; for example, the differential of ff + y — z 
will be dx-{-d y — dz. For, in order to obtain this differential, 
we must consider x as becoming x -(- d x ; y as becoming y-\-dy\ 
and z as becoming z -f- d z ; then the quantity proposed, which is 
x + y — z, would become x~\-dx-\-y -+- dy — z-—dz; and, 
taking the difference of these two states, we shall have 

ar-j-dar + y + rfy — z — dz — x — y-j-*; 
that is, 

d(x + y — z)*=dx-{-dy — dz. 
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The case would be the same, if the variables, which enter into 
the proposed quantity, had constant coefficients ; thus the differen- 
tial of 5 x + 3y,is5dx-\-3dy; that of a x -\-by,isadx -\-bdy; 
for, when x and y become x-\-dx and y-\-dy, the quantity 
a x -f- b y becomes a (x -j- d x) -j- b (y -|- d y), that is 

a x + a dx + b y -f- b d y ; 
the difference of the two states, or the differential, is a dx-\-bdy; 
that is, generally, each variable must be preceded by the character- ■ 
istic d. 

If in the proposed quantity there be one term entirely constant, 
the differential will be the same as if there were no such term. 
That is, the differential of that term will be nothing. This is - 
evident, since the differential being nothing else but the increment, 
a constant quantity cannot have a differential without ceasing to be 
constant ; thus the differential of a x -j- b is simply a d x. 

9. When the variable quantities are simple but multiplied to- 
gether we must observe the following rule. Find the differential 
of each variable quantity successively, as if all the rest were a 
constant coefficient. * 

For example, to find the differential of x y, we first consider x 
as constant and obtain x d y f , we then consider y as constant and 
have y d x, so that, d (x y) = x d y -}- y d x. 

The reason of this rule will be seen by going back to the prin- 
ciple upon which it is founded. To find the differential of x y, 
we must consider x as becoming x -f- d x, that is, as increasing by 
the infinitely small quantity d x ; and y as becoming y -\-d y, that 
is, increasing by the infinitely small quantity d y ; then x y be- 
comes (x -f- d x) X (y+^y)>tnatis, #y-j-a?dy-|--y dx-\-dydx; 
then the difference of the two states, or the differential, is 

xy-\-xdy-\-ydx-\-dydx — xy, 
or xdy-\-ydx-\-dydx\ 

but in order that the calculus may indicate that d y and d x are 
infinitely small quantities, as they are supposed to be, we must (5) 
omit dy dx, which (4) is an infinitely small quantity of the second 
order, and therefore infinitely small compared with x d y and y dx, 
which are infinitely small of the first ; therefore the differential of 
x y, or d . x y is x d y + y d x, agreeably to the rule. 

t To avoid' obscurity, in the manner of writing, it is best to write 
last the variable affected with the characteristic d. 
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We shall find, by the same rule, that the differential of x y z 
is xy d z -|- xz dy-\-y zdx, by differentiating as if x y 9 x z, and 
y z were successively constant quantities. This may be demon- 
strated, as above, by regarding x, y, and z as becoming, respec- 
tively, x -(- d x, y -(- d y, and z -f- d z ; in which case x y z is 
changed into (x+dx) (y + d y) (* + d z) = a? y * -\- x y d z + 
xz dy-\-y z dx-\-y dxdz-\-z dy dx~j-x dzdy-{-dxdy dz\ 
then the difference of the two states will become, by reducing, 
and rejecting the infinitely small quantities of the second and third 
orders, 

d .xy z -=.xydz-\-xzdy-\-yzdx. 

10. If the quantity proposed be any power of a variable quan- 
tity, observe the following rule. Multiply by the exponent, 
diminish this eocponent by unity, and multiply the result by the 
differential of the variable. 

Thus, to find the differential of x 2 9 we first multiply by the 
exponent % diminish this exponent 2 by 1, then multiplying by 
d x the differential of the variable x 2 , we have 2 x dx. 

We shall find, in the same manner, that the differential a? 3 is 
3 aj2 d x ; that of a? 4 , 4 x 3 d a>; that of or *, — x~ 2 d x ; that of 

a?~ 3 , — 3 a?-* d x ; that of x 2 , £ x *~ d x\ that of x*> is $ x * d x\ 
and, generally, that of a? m , is m a? OT ~ l dx\ whether the exponent 
m be positive or negative, a whole number or a fraction. 

To find the reason of this rule let us go back to the first princi- 
ples. Let us consider x as becoming x + d x (d x being infinitely 
small) ; then af becomes (x -[- d x) m , which, being reduced to a 
series (Alg. 144), becomes 

tti ~— 1 
a? 1 " + m x m - l d x-\-m — - — x m "~ 2 dx 2 -f- &c. 

ffi ~~ 1 

or, because the term m . — - — .af n ~ 2 dx 2 is infinitely small of the 

second order, and the following terms would be of still lower orders, 
the series is reduced to af-l-ma? 1 * -1 dx; then the difference of 
the two states is a? m +wa; w - 1 da? — af 1 ; and, therefore, d . a?* = 
m x m ~ x dx. 

If there were a constant coefficient or multiplier, the case 
would not be altered, the constant coefficient would remain in 
the differential the same that it is in the quantity ; 

d . a af*, therefore, = m a a?"*- l dx. 
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We have thus given whatever it is necessary to know, in order 
to be able to differentiate all sorts of algebraical quantities. What 
follows is only an application of these rules. 

11. Suppose it were required to differentiate the fraction -, we 

should write it x y- 1 (Alg. 133) ; and then, applying the rule 
given (9), we have 

d . xy* 1 = x d . y _1 +y~ 1 dx, 

and, consequently, (10) d.xy- 1 s=y-* dx — xy~ 2 dyc=,\>y 

, . . y dx — x dy 
reducing to a common denominator, ~ . 

Therefore, to find the differential of a fraction, we multiply the 
differential of the numerator by the denominator, subtract from 
the product the differential of the denominator, multiplied by the 
numerator, and divide the whole by the square of the denominator ; 
This is the rule usually given for the differentiation of fractions ; 
but we easily perceive that we may dispense with charging the 
memory with this new rule ; as it is sufficient to raise the denomi- 
nator into the numerator (Alg. 133), and then differentiate by the 
general rule. 

12. If we wish to differentiate a x 3 y 2 , we first consider a? 3 and 
y 2 as two simple variables, and (9) we have 

d . a a? 3 y 2 = a x z d .y 2 -{-ay 2 d.x* ; 
then (10) we have 

d . ax* y 2 = 2ax*ydy -|-3 ay 2 x 2 dx. 
In general, 
d . ax m y n =ax m d.y n -^-ay n d.x m =nax 1 *y n - 1 dy-\-may n x 1 *" 1 d x. 

13. If the quantity, which we wish to differentiate, is complex, 
but without containing any powers of complex quantities, we 
differentiate separately each of the terms of which it is composed. 
Thus, 

d(ax* ~\-bx 2 + cxy) = Sax 2 dx-\-%bxdx-\-cxdy-{-cydx. 

In like manner, 

c y 
d(ax 2 -\-bx-\- -|^)e=d (ax 2 +bx-\-cx~ 2 y) 

= %axdx-\-bdx — 2cx~ z ydx-\-cx~ 2 dy. 
In like manner, 

d(x* y + ay 2 -+-b 3 ) = 3x 2 y dx + x 3 dy -\-%aydy, 
observing that the constant quantity 6 3 has no differential. 
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14. If the exponent of the quantity be a whole number, as in 
(a+ bx-\-cx 2 ) b y we regard the whole quantity affected by this 
exponent as a single variable, and differentiate by the rule for 
powers (10). Thus, 
• d(a + bx + cx 2 )* =5(a + bx + cx 2 y xd(a + bx+cx 2 ) 

= 5(a-f-&# + c# 2 ) 4 X (bdxX %cxdx). 
In like manner, 

d(a + bx 2 )*=*(a + bx 2 )% X d(a + bx 2 ) 



1-2 



= £ (a+bx 2 )* X 2bxdx = V° b x d x (a + bx 2 )*. 

d(x 2 + 2ax + a 2 ) 2 = 4(x 2 + 2ax + a 2 ) (x + a)dx. 

15. When a complex quantity is composed of different factors, 
we regard each factor as a simple variable, and follow the rule 
given (9) for a product of several simple variables. Thus 

5 

a? 3 (a + 6 a? 2 ) ? , which we may consider as composed of the two 

factors x 3 and (a -+- bx 2 ) % will give 

d(x* (a + b x 2 ) *)== (a+b x 2 )* d (x*) + x* d (a + b x 2 )$, 
which, by the preceding rules, becomes 

A . 2 

Zx 2 dx(a + bx^f + V° bx* dx (a + b x 2 ) 15 . 

And 

+ (x + b)~ 2 d(x+a)*; 
that is, 

__ 2 (x + a) 3 (a; + i)- a dx + 3(x + b)- 2 (x + a) 2 dx, 

which, by restoring the denominators, becomes 

2(x+a)*dx , 3(x+a) 2 dx __ 

(*+*) 3 ~ + "FF^F"' ."" 
(reducing to a common denominator) 

2 (x+a) 2 (x+a) dx . 3(x+a) 2 (x + b)dx 

(z+'ti)* "*" (x + ft) 3 

__ _ 2(s -|_ a )2 ( a;4-fl)rfx + 3(2:-|-a)2(x + 6)^z 

_(2x + 3b — 2x — 2a)(x+a) 2 dx (x+3b— 2a)(x+a) 2 d x 

(r+6)» ~ ~" (x+6) a 

Also, dl a —-\ = _ £i£*±ijli; . 

\(x2 + .,a)*/ (x 2 +y 2 f 

3 
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16. If the proposed quaatity is radical, we substitute fractional 
exponents in place of the radical signs (Alg. 132), and differea- 
tiate according to the rules already given. Thus, 

d\\/^s) = d(x^) = ^x b dx; 

d(^a^^^)=d(a 2 — x 2 )$ = l(a2— x*)-£d(a 2 — a? 2 ) = 
, —xdx(a 2 — x 2 )~*— ^- ; 

d\x m A l /(a-^ r bx 1i ) $ = d \x m (a-\-bx n )q $ 

twsa?* d(a + bx* )q-\-{a+bx n ) q dx m 

= ^.a?" 1 ^-! d x X (a+Jff tt ) 7- * -f m a? 7 "- 1 d x (a + 6 a? n ) ^. 
In like manner, 

(*y+y*)* 



rfa: 



,/ a \ 3a<2z ,/ x \ 

\(a^z) = (a=xy- \T+x~)=(i + x)* 
,/ z* \ nz tt_1 rfz 

0/ Second, Third, fyc. Differentials. 

17. In addition to the differentials which we have just been con- 
sidering, and which are called first differentials, we consider also 
second, third, &c. differentials. These are indicated by writing 
twice the characteristic, d, before the variable, for the second differ- 
entials, three times for the third, &c. For example, d d x indicates 
the second differential of a:; dddx, the third differential. 

When we speak of second differentials, we consider the variable as 
increasing by increments which are unequal, but whose differential is 
infinitely small with regard to these increments themselves. Thus 
ddx is infinitely small compared with dx. In the third differentials 
also, d d d x or d 3 x, (for they are indicated in both ways), is infinitely 
small compared with ddx, and so on. To indicate the square of d x, 

t From this expression we may deduce the rule, to differentiate or radical of 
the second degree, we divide the differential of the quantity under the radical 
sign, by double the radical itself. 
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we should naturally write (dx) 2 ; but, for greater simplicity, we write 
dx 2 , which cannot be mistaken for the differential of x 2 , as .that is 
designated by d (x 2 ) or d . x 2 . 

We observe that although dd x and d x 2 are both infinitesimals 
of the second order, they are nevertheless not equal; for ddx is the 
second differential of x, or the difference of two successive differen- 
tials of x ; and d x 2 is the square of dx. 

In order to determine the second differentials, it is most natural to 
consider the variable quantity in three successive states, infinitely 
near each other ; to take the difference between the second state and 
the first, that between the third and second, and then take the differ- 
ence of these two differences. For example, the first state of x is x j 
at the second instant it has increased by the quantity d z, and become 
x -J- d x ; the following instant x-\-d x increases by d z -f- d (d z) 9 
d (d x) marking {Jie quantity by which the increment of the second 
instant exceeds that of the first, or the differential of d x. Thus the 
three successive states of the quantity x are 

x, x -\- d x, x -\- 2 d x -}- d (d x). 
The difference between the second and first is d x ; that between the 
third and second is dx-^- d(dx) ; finally, the difference between 
these two differentials, or the second differential of x, is d (dx) ; we 
have therefore ddx = d(dx). Therefore, the second differentials 
are obtained by differentiating the first differentials according to the 
rules already given. 9 

For example, to get the second differential of x y, we take the first 
differential, which is xdy -\~y dx; we then differentiate this quan- 
tity as if x and dx, y and dy, were so many different variables, and 
we find xddy -\-dy dx-\-y ddx-\-dy dx; 

or dd.xy = xddy-\-2dydx-\-yddx. 

In like manner the second differential of x 2 is found by first differ- 
entiating x 2 , which gives 2 x d x ;_ then differentiating 2 x d x as if x 
and d x were both finite variables, which gives 

2xrfrfx + 2dx 2 . 
We shall find also, that 
dd.axPzzz d . max m_1 (/a:=w.m — 1 a x* 1 — 2 d x 2 } -j- m ai*" 1 d dx.i 

t A difficulty may present itself in (his mode of taking the second differentials 
which it is best to explain. When we determine the first differentials, we reject 
the infinitely small quantities of the. second order; but the second differentials 
being infinitely small of the second order, is there not reason to fear that what 
we have rejected in the valuation of the first, will render the second defective ? 
We answer, no : for this infinitely small quantity of the second order, which has 
been rejected, can have for its differential only an infinitely small quantity of the 
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radius is unity, is found by multiplying the differential of the 
angle by the cosine of the same angle. 

22. In like manner, the differential of cos z, or 

cos (z -\- d z) — cos z = cos z cps d z — sin z sin d z — cos z 9 
since (Trig. 11) 

cos (z -\- dz) = cos z cosd z — sin # sin d z. ; 
therefore, as 

sin d z — d z, and cos d z = 1, » 
we obtain 

d (cos z)=cos z — d z sin z — cos z = — dz sin z ; 
that is to say, The differential of the cosine of an angle, whose 
radius is 1, is found by multiplying the differential of the angle 
taken with the contrary sign, by the sine of the same angle. 
Thus, to recapitulate, we have 

d (sin z) = d z cos z ; d (cos z) = — d z sin z. 
By means of these two principles, we may differentiate any 
quantity composed of sines and cosines, without any other rules 
than those already given. 
Thus, to differentiate cos 3 z, we have 

d (cos 3 z) = — 3 d z sin 3 z. 
Universally, if m is a constant quantity, 

d (cos m z) = — mdz sin mz\ d (sin m z) = m d z cos m z. 
In like manner 

d (sin z cos t) = cos t d (sin z) -f- sin z d (cos t) 
= d z cos t cos z — d t sin z sin t. 
And 

d (sin z) m =m (sin z) m ~- 1 d (sin z) = m d z cos z (sin z)^" 1 . 

23. If we had , which is the expression for the tangent of 

cos z 

an angle when radius = 1, since {Trig. 8) 

cos z : I : : sin z : tang z, 
we should have 

dl l=d. s\viz(cosz)~ 1 =dzcos z(cosz)~~~ 1 -{-dz s\nz 2 co*z~* 

\ cos Z j 

d z cos z dz sin z 2 dz cos z 2 -|- d z sin z 2 d z 

cos 2 cos z 2 cos z 2 cos z 2 ' 

because (Trig. 10) cos z 2 -f- sin s 2 = 1. Therefore, 

The differential of the tangent of an angle, whose radius is 1, 
is equal to the differential of the angle, divided by the square of 
the cosine of the same angle. 
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Whence we may also conclude, that the differential of an angle 
is equal to the differential of the tangent of that angle 9 multiplied 
by the square of its cosine ; for, since 

d /sin_2\_ d ^ ^ _ z 

\COS Zf \ o / ,cosz a 

we have d z = cos z 2 d tang z. 

cos z 
24. If it were required to differentiate - — , which is the ex- 

em z 

pression for the cotangent of the angle z, we should have 

■ 

d . - — =d . cos z sin z" 1 = — dzs'mz sin-sr" 1 — dz cos # 2 sin jzt 41 

sin z 

dzs'mz (tfzcosz 2 — dzsinz 2 — dtcosz 2 — dz 
sin z sin z 2 sin z 2 sin z 2 " 

Therefore, The differential of the cotangent of an angle, is equal 
to the differential of the angle, taken negatively, divided by the 
square of the sine of the same angle. The use of these differen- 
tiations will be exemplified hereafter. 



Of Logarithmic Differentials. 

25. According to the description already given (Alg. 238), 
logarithms are a series of numbers in any arithmetical progression, 
answering, term by term, to a series of numbers in any geometrical 
progression. 

This being laid down, let y and y / be two consecutive terms of 
a geometrical progression, of which r is the ratio, and a and of 
the two first terms. Let, also, x and x' be two consecutive terms 
of an ^arithmetical progression, of which b and V are the two first 
terms. Let us suppose, moreover, that x and xf are in the same 
place in the arithmetical progression that y and y / are in the geo- 
metrical progression ; in which case, x and xf are the logarithms ef 
y and y 7 . 

By the nature of geometrical progression (Alg. 231), we have 
y> = r y, and a* = r a; substituting in the first of these equations 
the value of r deduced from the second, we have 

a' y y' a' 

v* =—Z- or -= — . 
a y a 

Let us now suppose that the difference between y' and y is z, or 
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V ~T" z % of 

that y 1 = y + z : we shall have £—L — or 1 + - = — » and conse- 
y y ^ y ^y a 



quently, - = 1 = , or — =a' -~a. 

J y a ay 

Again, the nature of arithmetical progression gives (Alg. 228) 
a/ — x = b' — b. 

In order to find then the ratio of these two progressions, let 
us suppose that the difference a' — a of the two first terms of the 
geometrical progression, is to the difference V — 6 of the two first 
terms of the arithmetical progression as unity is to any number 
m; that is to say, that a' — a : V — b : : 1 : m; we shall have 
m (of — a) = b' — b; substituting then, in this last equation, in- 
stead of a' — a and V — 6, the values which have just been found, 

we shall have = xf — a?, an equation which expresses gene- 

rally the ratio of any geometrical progression to any correspond- 
ing arithmetical progression. 

Let us imagine that, in each of these progressions, the consecu- 
tive terms are infinitely near each other ; then z 9 which marks 
the difference of y' and y, will be dy; and x' — a?, which marks 
the difference of a/ and x, will be d x ; whence, the equation will 

be changed into -= d x. 

' V 
With regard to m, which indicates the ratio of the difference 

of the first two terms of the arithmetical progression, to the differ- 
ence of the first two terms of the geometrical progression, it will 
nevertheless be a finite number, although these two differences be 
infinitely small, because we easily conceive that one of two infinitely 
small quantities may contain the other as many times as one of two 
finite quantities can contain the other. 

The equation ^= d x shows, therefore, that d x, the dif- 

y 

ferential of the logarithm of a number represented by y, is 
equal to d y, the differential of that number, divided by the same 
number y, and multiplied by the first term a of the fundamental 
geometrical progression, and by the number m, which represents 
the ratio of the difference of the first two terms of the arith- 
metical progression to the difference of the first two terms of the geo- 
metrical progression. As this number, m, determines, in some meas- 
ure, the relation of the two progressions, it is called the modulus. 
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We see then, that according to the value which m and the first 
term a of the geometrical progression are supposed to have, the 
same number y may have different logarithms. But of all these 
different systems of logarithms, the most convenient in algebraical 
calculations, is that in .which the first term of the geometrical 
progression is 1, and in which the modulus is 1. In that case, 

the equation :== d x> which comprehends all the different 

systems of logarithms, becomes 

y 

26. In the system of logarithms, therefore, used in algebraical 

calculations, the differential d x of the logarithm x of any number 

,; y, is equal to d y, the differential of that number, divided by the 

I number itself This is the principle by which we may easily find 

, the differential of the logarithm of any algebraical quantity. But 

before making use of it, we must observe, 

1st. That the logarithms here spoken of are not fliose of the 

^ tables,; but it is easy to deduce the one from the other, as will be 

!' seen hereafter. 

v . 2d. That since the first term b of the arithmetical progression 

v i r j • i • niady . . 

is not found in the equation =.dx> this equation, as well as 

the particular equation — — = d x just deduced from it, are always 

true, whatever may be the first term 6, that is to say, the loga- 
rithm of the first term a of the geometrical progression. We are 
therefore at liberty to suppose, for the sake of greater simplicity, 
that the first term of the arithmetical progression is nothing ; and, 
as the geometrical progression which has. been fixed upon has 
unity for its first term, we shall take zero or for the logarithm 
of 1 ; .but it should be observed that this is entirely arbitrary. 

By thus taking unity for the first term of the geometrical pro- 
gression, and zero for the first term of the arithmetical progression, 
or for the logarithm of unity, the rules already given (Alg. 241) 
for the application of logarithms, will equally well apply here. If 
we generalize these rules, designating logarithm by Z, we shall 
see that, instead of I (a b) we may take I a -f- 1 b; instead 

4 
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of I r , I a — I b. In the same manner, I a m = m I a ; finally, 

b 

I /^d* = 1 a * = — Id. 

This being laid down, if we apply the principle which has just 
been established concerning the differential of the logarithm of a 
number, we shall find that 



dlx=*?;dl(a + x)=±^±^ 



d x 



observing that the differential of the constant, I a = 0. 
We have also, 

d.l± = d(ll — lx)= — — ; dLZo? 2 =d.2Za? = — ; 

X v ' X X 

d.l(xy) = <* (Ix + ly) =15+^; 
dl - = d (J a? — ly) = — -: 

y v *' x y 

dl i^ x \=d(l(a + x)-l(a-x))=^^J^; 
\a — xf \ v ' v '/ a-f-x ' a — x 

y T ' a 2 -fx 2 fl 2 +X 2 ' 



d I ya2 + x2 == — y :== 



x rf x z tf x 



^/« 2 H"* 2 V a2 +* 2 V a2 +* 2 a 2 +a? 2 

or, more directly, 

x d x 
d I jJ a * + a* = d . J / (a +0 2 )=— -: — -; 
, a^ ~j- x* 

<H (af(a + 6a*y )=df (Za^-f-Z (a + 6 a?*)') 

These examples are sufficient to show how other logarithmic 
quantities may be differentiated. 

-4- 
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Of the Differentials of Exponential Quantities. 

27. We sometimes meet with quantities of this form, c x , a* ; that 
is to say, quantities whose exponent is variable. They are called 
Exponential Quantities, 

In order to find how to differentiate these quantities, let us suppose 

xvs=z; 

then, taking the logarithms of each member, we have 

and consequently d I (z» ) = — ; 

then dz = zdl (z* ) t 

and, substituting for z and d z, their values, 

d (zv ) = xy d I (zv ); 

that is to say, the differential of an exponential quantity is found by 
multiplying that exponential quantity by the differential of its loga- 
rithm. Thus, 

d.zv =& d.lxv =xsf d.y lz—x9 (dy Zz-f^ — - 1. 

In like manner, 

rf(a* + y* ) = d.a* + df.y x =a* d.lcF -f-y* d.ly* 

z d t/ V 
= d*e/.x7a-|-y f d.zly = aF dxla-\-y l (dzly-\- - 1. 

» y / 

So 

d(a2+z2)* = (a*-f a;*)* rfZ(a 2 +z 2 )* = (a* -fa*)* df. z7(a 2 + x 2 ) 

= (a2 + x 2 ) x^ x/(a2+2 2 ) + ^!ij^ 

and so of others. 

Frequent use is made, in calculations, of the exponential quantity 
e* , e being the number whose logarithm is = 1. The differential of 
this quantity is, according to what has just been laid down, 

c* d. le* — e* d(xle) = e x dzle; 

and since / e is supposed == 1, we have simply 

d . e z =ie z dx. 

That is to say, this particular exponential has, for its differential, the 
exponential itself multiplied by the differential of its exponent. This 
exponential will be found hereafter. 
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Application of the preceding Rules. 

28. In order to show, by some examples, the use of the rules 
which have just been given, and the advantage which they have 
over common algebra, we shall now apply them to subjects with 
which we are already acquainted, viz. questions in Geometry and 
Algebra. 

Application to the Subtangents, Tangents, Subnormals, fyc. of 

Curved Lines. 

29. To draw a tangent to any curved line AM (Jig. 1), we con- 
ceive this curve to be a polygon of an infinite number of infinitely 
small sides. The prolongation MT of Mm, one of these sides, is 
the tangent, which is determined for each point M, by calculating 
the value of the subtangent PT, or that part of the line of 
abscissas, which is comprehended between the ordinate PM and 
the point T, the intersection of this tangent. The subtangent is 
determined in the following manner. 

Through the extremities M and m of the infinitely small side 
Mm, we suppose the two ordinates MP and m p, to be drawn, 
and through the point M, the line M r parallel to AP, the axis 
of the abscissas. The infinitely small triangle Mr m is similar to 
the finite triangle TPM, and gives this proportion, 

rmirM: :PM:PT. 

Now if we call AP, x ; PM, y ; it is evident that Pp, or its 
equal r M, will be d x, and r m will be d y ; we shall therefore 

have dy : dx : : y : PT= ¥--?. 

This is the general formula for determining the subtangent of 
any curve whatever, whether the y's and x's are perpendicular to 
each other or not, provided that the y's are parallel among them- 
selves. We shall now give an example of the application of this 
formula to any curve of which we have the equation. 

Let us suppose that the nature of any curve -4M were ex- 
pressed by an equation containing x, y, and constant quantities. If 
we differentiate this equation, there can never be more than two 
kinds of terms, those multiplied by d x and those by d y. It will 
then be easy, by the common rules of Algebra, to deduce, from 
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d x 

this differential equation, a value for -7 — , which shall contain 

only terms of a?, y, and constants ; by substituting this value in the 

formula -= — or y X 3- — , we shall have a value for the subtan- 
J dy * dy' 

gent in x, y, and constants ; finally, putting instead of y its value 
in terms of a?, deduced from the equation of the curve, we shall > 
have the value of the subtangent expressed in terras of x and con- 
stant quantities only. So that to determine the position of this 
line for any point whatever M, we have only to substitute, in this 
last result, in place of a?, the value of the abscissa AP, which 
answers to that point. 

Suppose, for example, that the given curve is an ellipse, of 

b 2 ' 
which the equation is {Ap. 112J y 2 = — (a x — a? 2 ). Differen- 

tiating this equation, we have 

b 2 
2y y dy=^ — (adx — 2x dx) or % a 2 yd y — ab 2 dx — 2b 2 xdx; 

dx 
from this we deduce the value of -7- , by dividing first by d y and 

then by the multiplier of d x, in the second member, and find 

dx 2 a 2 v 7/ dx 

■7-=— rs — K~rz — ; substituting this value in ^7 — , we shall have 
dy ab 2 — 2b 2 x ° dy 

ydx 2a 2 y 2 

dy ~ ab 2 — 2b 2 x'' 

b 2 
finally, substituting for y 2 , its value — (a x — x 2 ) given by the 

equation of the curve, and reducing, we have 



V dx _ pT _ 2(ax — x 2 ) _a 



x 



d y a — 2 x £a — x * 

a value which is precisely the same as that which was found by 
Algebra (Ap. 119), but which is obtained here in a more expedi- 
tious manner. 

We may observe here how this result justifies what was 
said' (5) concerning the quantities which are to be rejected in the 
culculation ; for, by employing here the differential calculus, the 
rules of which, in this example, suppose the omission of the 
infinitely small quantities of the second order, by the side of those 
of the first, we arrive at the same result as in the Application 
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of Algebra to Geometry, where this subtangent was determined, 
in the most exact and rigorous manner. We see that by thus 
rejecting the quantities which were pointed out to be neglected, 
we only impress upon the calculus the character which it ought to 
have, in order to express the conditions of the question. 

We pursue a similar course in determining the tangents, subnor- 
mals, normals, be. ' 

Let us suppose, for the sake of greater simplicity, that the ab- 
scissas and ordinates, (the it's and y's), are perpendicular to each 
other. In order to determine the tangent, we compare anew the 
triangle Mm r with the triangle TPM, and we ha^e 

rm:Mm: :PM: TM; 
but by a property of the right angled triangle, Mr m } we have 

3 S 

rM-\-rm = /^dx2 + dy2 ; 

therefore, d y : \/dx2+dy2 : : y : TM; 

therefore, TM = y V^fW = yV^W 

dy V<*ya 

Thus, after differentiating the equation of the curve, we shall 

fix 
deduce thence the value. of t~, the square of which we substitute 

in this expression for the tangent;' after which, putting in place 
of y its value, in terms of x and constants, drawn from the same 
equation, we shall have the tangent expressed in terms of x and 
constant quantities. An application of this may be made to the 
equation of the ellipse, and the same value will be found as was 
formerly obtained (Ap. 121). 

If the subnormal is required, we suppose the line MQ perpen- 
dicular to the tangent TM, and observing that the triangles Mr m, 
JfPQ, which have their sides respectively perpendicular each to 
each, are similar ; we have 

Mr :rm:: PM: PQ; 
that is to say, 

d&: dy::y: PQ = -jy* 
Then, after having differentiated the equation of the curve, we de- 
duce thence the value of -^- 9 which we substitute in -* — , and, 

a x fl x 
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completing the operation as before, we have the value- of the sub- 
normal in terms of x and constant quantities. 

b 2 

In the ellipse, for example, the equation y 2 .= -q (ax — a? 2 ), 

being differentiated, gives 

b2 / 
b 2 dy 5? ( a— 2x ) 
2ydy = -^(adx — 2xdx); then^= ^ ~ 

consequently the subnormal, 

ydy b 2 a — 2x b 2 ,. 

as was formerly found (Ap. 118). 

If the normal MQ were required, it might be found by com- 
paring anew the triangle Mr m with the triangle MPQ. 

Let us take, as a second example of the formula for subtangents 
and of that for subnormals, the equation of the parabola, which is 
y 2 =p x (Ap. 172). By differentiating, we have 

dx 2y , dy p 
2ydy = pdx; then -jj=~, and T ^=^ y \ 

the subtangent, therefore, 

ydx2y 2 2px^ 
dy p p 

and the subnormal 

ydy __ py _ p 

dx ~2y~ 2' 
which agree perfectly with what have been already found 
(Ap. 179, 180). 

We shall take, as a third example, the equation y m + % =zcP* a* , 
which is a general expression for parabolas of every kind. 

The name of parabola is given to every curve, whose equation, 
such as y n + n =za m x n , has only two terms, but in which, the 
exponents of x and y, in the two members, have the same sign. 

By differentiating this equation, we have 

(m + n) y* l + ,l ~' 1 dy=:n of* a?-" 1 d x ; 

fromwhich ^ = (W+ l ) rt"" 1 

dy ncPx*— 1 

and the subtangent 

ydx (i»-|- nJy^H - * ^ 
dy no"!"" 1 y 

and substituting for y*+* its value 0* x* , we find 
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ydp (m -f- n) a m x* m -j- n > 
dy na m x n — 1 n 

Whence we may see that the subtangent, in these curves, is equal 
to as many times the abscissa x, as there are units in the exponent 
of y divided by the exponent of x. This holds true, as we have 
already seen, in the common parabola, where the subtangent is 
2 x } and where the exponent of y divided by the exponent of x, 
is in fact § or 2. 

Let us now take, as an example, a curve , thp nature of 
which is expressed by an equation in terms of the differentials 
of the coordinates. Let us suppose, for instance, the curve BM 
(Jig. 4) to be such, that the abscissas AP, Ap, &c. being taken 
in arithmetical progression, the corresponding ordinates PM, p m, 
be. are in geometrical progression. This is called the loga- 
rithmic curve, because, while the ordinates represent successively 
all imaginable numbers, the abscissas are their logarithms, and it 

will have for its equation =d x, since we have found (25) 

that this equation expresses the relation of numbers to their loga- 
rithms. We shall have, therefore, -j- = — , and consequently 

dy y V ' 

y d x amy 

the subtangent -? — will become — — =a m; that is to say, 

for each point of the same logarithmic, the subtangent PT is 
always the same, and is equal to as many times the first ordinate 
AS, or a, as there are units in the modulus m. 

30. When the equation of the curve is such that, x increasing, 
^diminishes, as in figure 2, then the line r m must be expressed 
by — d y (20) ; and the proportion r M:rm: : PM: PT, 
which serves to find the subtangent, becomes 

— d y : dx : : y : PT= — -z — . 
y * dy 

Thus there will be no difference in the calculation ; the only 
change is that the tangent, instead of falling on one side of the 
point A, the origin of the abscissas, with regard to the ordinate 
PM, will fall on the opposite side. This is the reason wny we 

may always take -v— as the formula of the subtangents ; if the 
ordinates decrease, the value of -? — will have a negative sign, 
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which, indicates that this value roust be referred to the side opposite 
to the origin of the abscissas. 

If, for example, we take the equation of the circle, the origin 
of the abscissas being at the centre, that is to say, the equation 
(Ap. 103) being y 2 = £ a 2 — a? 2 , it $ evident that, while Cp or 
x (Jig. 3) increases, y or PM diminishes ; so that the subtangent 
PT falls on the side of PM oposite to C, the origin of the ab- 
scissas. This is shown also by the calculus ; fqr, if we differentiate, 

we have 2ydy = — Stx d x, and consequently -r~ = - — ; then 
~2 — = — — = — — ', a value, of which the sign — in- 

u y x ii 

dicates, that it should be referred to the side opposite to that 

v d x 
which is supposed in taking —i — for the formula of die subtan- 
gent. 

Let us now take, as an example, the equation xy = a 2 } which 
belongs to the hyperbola considered between its asymptotes 
(Ap. 163) , we have yc?o?-j-a?rfy = 0, and consequently, 

dx — x _ . ydx — xy 

•j- = — : therefore, ^ — = -= — x ; 

dy y ' dy y 

which shows that, to draw a tangent to the hyperbola considered 

between its asymptotes, we must take upon the asymptote nearest 

M, the point in question (Jig* 7), and on the side of PM, which 

is opposite to A, the origin of the abscissas, the line 

PT=AP = x. 

We see with what facility all these results are obtained by the 
differential calculus. 

In the same manner with' parabolas of all kinds, we call by the 
name of Hyperbolas referred to their asymptotes, all those curves 
whose equation, such as y m —a m + n x"- n , contains only two terms, 
but in which the exponents of y and x, in the two members, have 
contrary signs. We leave these curves as an example for the 

exercise of the reader. The subtangent will be found to be 

m 
= x; that is to say, that it falls on the side opposite to the 

origin of the abscissas, and that it is equal to as many times the 
abscissa as there are units in the exponent of y y divided by the 
exponent of x. 
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In general, we determine at once, by this calculus, all the sub- 
tangents, tangents, &c. of all the curves of the same family. 
Those are said to be of the same family, whose equation is formed 
in the same manner, and differs only in the magnitude of the 
exponent. Thus we call by the common name of circles, all the 
curves in which any power of the ordinate is equal to the product 
of any two powers of the two distances of that ordinate from the 
extremity of the line a, on which the abscissas are taken. Their 
equation is y*+*=x' m (a — x) n , which comprehends the circle 
properly so called, when m = n = 1. The equation 

i c / v 

y»-|-n_ x m ^ a ^n 

represents ellipses of all kinds ; and y w +* = -r x m (a -f- x)* , as 

well asy m + n = v (x — a)* belongs to the family of hyperbolas. 

The figure of these curves is determined by means of their equation, 
as we have seen in conic sections (Ap. 101) ; observing that y has 
only one real value when its exponent is odd, and two when it is 
even (Alg. 157) ; which determines that to the same abscissa, 
there corresponds only one branch of the curve in the first case, 
and in the second, two, which fall on different sides of the same 
axis. 

31. When we know how to determine the tangents, normals, 
&c. we may easily solve the two following problems. 1st. From 
a given point without a curve , to draw a tangent to this curve. 
2d. From a point given any where in the plane of a curve line, 
to draw a perpendicular to that curve. 

For the first of these, let us suppose that DM (Jig. 8) is the 
tangent required, which passes through the point D. The gene- 

_» _ v d x 
ral value of FT or -* — will be easily found by means of the 

*/ 

equation of the curve. If BD be drawn parallel to the ordinate 
PM y the line BD and its distance! BA from A, the origin of the 
abscissas, are considered as known, since the point D is given in 
position. Calling, then, DB y h ; AB, g ; AP } x ; and PM, y ; 
we shall have 

J3P = g + x } and TB = PT—BP = ?£l—x—g. 
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Now the similar triangles TBD } TPM, give 

TB :BD:: TP : PM. 
That is to say, 

y dx y d x dx . 

-— x — ff : h : : ^ — : y, or : : t- : 1 

dy e dy *' dy 

Therefore, ~ x — 2 = -3 — . 

' dy 6 dy 

dx 
Putting, therefore, in this equation, the value of t-, drawn 

from the equation of the curve which has been differentiated,, and 

then substituting for y its value in terms of x and constants^ also 

given by the equation of the curve, and we shall have the abscissa 

x of the point of contact. And if there should be more tangents 

than one, drawn through the point D, the last equation, in terms 

of x, will give all the abscissas of the points in which these tangents 

must end. 

As to the case of the perpendicular, let us suppose DQ (Jig* 5) 

to be the perpendicular required; the subnormal PQ will be 

y d y 

-?— ^ (29) ; now the similar triangles DBQ and MPQ give 

u X 

BB :BQ::PM: PQ, 

that is to say, employing the same denominations as above, 

j. , , y d y ydy dy 

h : g 4- x 4- —: — : : y : -3 — , or : : 1 : 7— , . 
Sl ' dx y dx ' dx' 

therefore, 

hdy .ydy 

dx ° ' \ dx ' 

an equation of which the same use may be made as in the pre- 
ceding case. 

The two solutions just given may be simplified by making the 
axis of the abscissas pass through the given point D, in a direction 
parallel to its former position ; that is to say, by takiog DK (fig. 8) 
for the axis of the abscissas instead of TP, which only requires, if 
we make KM= z, and consequently, z = y — A, or y = z -\-h, that 
we substitute, both in the equation of the curve and in that of the 
problem, z-\-h instead of y. We may also take the point D for the 
origin of the abscissas. 

When the curve has a centre, as the circle, the ellipse, &c. we 
may always suppose that the point D is in a diameter, and then the 
solution becomes much more simple. 
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dx 
32. We may remark here, that -j- expresses the tangent of 

the angle which the curve makes, at each point, with the ordi- 
nate ; and j^, the value of the angle made by the element of the 

tt X 

curve with the axis of the abscissas. For, in the right angled 
triangle M r m (fig. 1), we have, supposing the radius of the 
tables = 1, r m : r M : : 1 : tang r m M. 

t jyr d x 

Therefore tang r m M = — = -j- . 

° r m ay 

If then we wish to know in what place, a curve, or its tangent, 

makes with the ordinate a given angle, or one whose tangent is 

known, representing this tangent by m, we shall have 

dx 

so that, determining, by the differentiation of the equation of the 

d x 
curve, the value of j- and making it equal to m, we shall have 

an equation, which, after having substituted therein for y its value 
in terms of x and constant quantities, deduced from the equation 
of the curve, will give the values of x answering to the points 
where the curve makes such an angle with the ordinate ; and if 
the curve no where makes with the ordinate an angle equal to the 
given angle, the value or values of x will be imaginary, or the 
equation will indicate a manifest absurdity. For example, in the 
hyperbola, having for its equation y 2 = 2 (a x + x 2 ), we should 
have 

dx 2y 

Ty z= 2a-\-4kX ' 
which, being equal to m, gives 

3y y 

2a-\~Ax a-|-2z~ 
whence we deduce 

y=ma -f- 2mx; 
but the equation of the curve gives 

y =V'2(a x+ x2) ; 

therefore m a -f- 2 m x = ^% (ax + x2 ), 

or, squaring both members, 

m 2 a 2 + 4 m 2 a x -[- 4 m 2 x 2 = 2 a x -f- 2 x 2 . 
If it is asked, now, in what place this hyperbola makes with the 



m; 
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ordinate an angle of 45° ; as the tangent of 45° is equal to 
radius, we shall have m = 1, which reduces the equation to 



a 1 



~{»4ax-\-4x 2 =i%ax-\~%x 2 



or 2a? 2 -|-2aa? + a 2 =0, 

which being resolved, gives 

these values are imaginary, and show that the hyperbola, whose 

particular equation is 

y 2 =2 (ax-\-x 2 ), 

no where makes with the ordinate an angle of 45°. 

Although the methods employed conformably to the above remark, and 
in the resolution of the two preceding problems, seem equally appli- 
cable to curves of which we have only the differential. equation ; yet 
on close examination it will be found, that by this last equation the 
question cannot be perfectly satisfied by the calculus, as in the c&se 
where we have the equation in finite terms. Indeed, when the equa- 
tion, which resolves the question, still contains x and y, after the 

d x 
substitution of the value of -r- the differential equation of the 

dy 

curve will not serve to eliminate y, since, by supposition, it contains 
d x and d y. And even if it should contain only x, we could not 
be sure that this value of x would satisfy the question. To be sure 
of this, it would be necessary to substitute this value of x in the equa- 
tion of the curve, and deduce thence a real value for y. But we 
cannot, in any way, deduce from the equation in question, the value 
of y. < 

The only means of resolving these questions, in such a case, is, 
supposing the curve already constructed, to construct also the equa- 
tion we have obtained, expressing the conditions of the question, 
which gives a second line, whose intersection or intersections with 
the first, furnish the solution or solutions required. 

*33. We may also, by the same principle's, determine the rectilineal 
asymptotes of curved lines. 

A curve has a rectilineal asymptote, when, having some branch 
which is infinitely extended, the tangent at the extremity of this 
branch meets the axis of the abscissas or that of the ordinates at a 
finite distance from their origin. Thus (Jig. 6) if, from the subtan- 



gentPT= 



ydz 

dy 



ydx 
dy 



we take the abscissa AP s= x, we shall have 



— x for the value of AT, or the distance of the origin A from 



the intersection of the tangent. After having calculated, therefore, 

v d x 
the value of -^ x, we have only to represent it by a finite quan- 

tity 5 ; by means of this equation combined with that of the curve, 
we may eliminate y or x, and we shall have s in terms of x or y. 
Then supposing y or x infinite, if there result one or more finite 
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values for s, they will be distances AC from the origin to the intersec- 
tions of the axis and the asymptotes. But as a single distance does 
not fix the positions, we imagine, through the origin A, a . straight 
line A K to be drawn parallel to the ordinates, and observe that the 
similar triangles TPM> TAK, give 

TP:PM:: TA : AK; 
that is to say, 

ydx ydx ._ *dy 

dy y dy y dx 

We therefore calculate, in the same way, the value of y -=-=-, 

a x 

and having supposed it equal to a finite quantity t, by means of this 

equation and that of the curve, we eliminate x or y ; and, supposing 

the remaining x or y infinite, the value or values of t which result, 

will give the distances AK, which, with the distances AC, determine 

the position of the asymptotes. 

For example, if the equation of the curve were y z =»x 2 (a-\-z) t 

we should have 

3y 2 dy = 2xdx(a+x) + x 2 dx = 2axdx + 3x 2 dx, 

ydx 3 y 3 

then tL x=^ t"q-o — *, 

dy 2 ax-\-3 x 2 

or substituting for y* its value, 



ydx 3 ax 2 -|-3z 3 ax 1 



a x 

•si 



dy 2ax+Sx 2 2ax-\-3x 2 2a+3x 

then supposing x infinite, that is to say, neglecting 2 a by the side of 

a 
3 x, we shall have s = -. We find, in like manner, 

o 

xdy 2az 2 +3z 3 _ 3y 3 — 2ax 2 — 3z 3 

y "rf7" ==y 3p 3~y* ' 

which, if we substitute for y its value, is reduced to 

a x 2 

= «•» 

3a?i^/(o + 3:)2a: 

supposing then z to be infinite, we have t = £ a. 

If, the value of 5 being finite, we find that of t infinite, it would 
prove that the asymptote is parallel to the ordinates. If, on the con- 
trary, 5 being infinite, t were finite, or zero, or infinitely small, the 
asymptote would be parallel to the abscissas. 

34. In all which precedes, we have supposed that the ordinates 
were parallel, and moreover that they all issued from the line on 
which the abscissas are reckoned. But it often happens that we 
make the ordinates issue from a fixed point. Sometimes we take as 
abscissas the arcs of a curved line, and as ordinates, straight or curved 
lines. But, in general, to whatever lines the points of the principal 
curve be referred, we always have or may have an equation which 
expresses the ratio of the abscissas to the ordinates. When we wish 
to make use of it to determine the tangents or other lines, we must 
take care that the lines we employ to determine these tangents contain 
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no other differentials than those of the variables which enter into the 
equation of the curve. We shall now illustrate this by some examples. 

85. Let us suppose, first, that AM (Jig. 9), being a known curve 
of which we know how to draw the tangents, BS were a curve 
having for its abscissas the arcs AM of the first, and for its ordinates 
the lines MS parallel to a given line; the ratio of AM to MS 
being expressed by any equation, it is required to draw a tangent to 
the point S of the curve BS. 

We imagine, as before, the infinitely small arc S s, of which the 
prolongation SQ, or the tangent, meets at Q the tangent MT to the 
corresponding point M of the curve AM; and, having drawn the 
line Sk parallel to MT or Mm, the triangle Sks will be similar to 
the triangle QMS, so that we shall have 

sk: Sk : : MS: MQ; 
now if we call the arc AM, x; and the ordinate MS,y ; we shall 
have M m = Sk = dx, and s k = s m — SM=dy; 

then dy : dx : : y : MQ = ~ — ; 

dy 

taking then upon the tangent MT the part MQ equal to the value 

y d x 
of -j — determined by the differentiation of the equation of the 

curve, we shall have the point Q, through which and the point S, 

drawing QS f this line will be the tangent required. 

Let us suppose, for example, that the curve BS is described so that 

the ordinate MS is always equal to a determinate part of the arc 

AM} that is to say, that MS is always to AM in the given ratio of 

a to b, we should then have y : x : : a : b, and the equation of the 

curve is b y = ax. Differentiating, bdy = adx, and consequently 

dx b . ydx __^ by , „ , 

•=- s= - ; then ~ — or MQ = — - : but by the equation of the 
dy a dy a J ^ 

b y 
curve, — = x; therefore MQ = x. Thus in all the curves whose 
a 

parallel ordinates have always the same ratio to their corresponding 

abscissas, whether straight lines or curves, the subtangent QM will 

always be equal to the corresponding abscissa AM. 

36. When the curve AM, upon which we take the abscissas, is a 
circle ;/and the ordinate MS is always to the arc AM in a constant 
ratio, the curve BS is called a cycloid. If the ordinate MS is always 
equal to AM, it is the common cycloid, or that traced by a point in 
the circumference of a circle revolving on a plane. If MS is 
greater than AM, but still having a constant ratio to it, it is called a 
prolate cycloid ; if, on the contrary, MS is less than AM, it is called 
a curtate cycloid. 

37. If the equation of the curve to which it is required to draw a 
tangent, instead of expressing the ratio of AM to MS, expressed 
that of AM to PS ; that is, if the arcs AM were the abscissas x, 
and the ordinates PMS, or y, were reckoned from a determinate 
straight line AP ; then S u being drawn parallel to AP, the subtan- 
gent PI would be determined on the line AP, in the following man- 
ner. 

As the curve AM is supposed to be known, the subtangent and 
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tangent to each point of it, are also considered as known ; so that, 
making PT=s, and TM=t, we shall have, by drawing Mr paral- 
lel to AP, and comparing the similar triangles TPM and Mrm, 
TP : TM: : Mr : Mm; that is, s : t : : Mr : dx; 

s d % 
therefore Mr= = Su, supposing Su to be parallel to AP. 

Again; the similar triangles Sus and IPS give 

us :Sjt : :PS:PI; 

and as PS is y, u s is dy ; therefore* 

. sdx n - . s y d z 

dy : : : y : P/= -£-= — . 

* t * tdy 

Then, differentiating the equation of the curve, we find the value of 

-=-, which 1 being substituted in -^ — , will give the value of PI, 
dy tdy 

freed from differentials. 

38. Sometimes the equation of the curve is not given by the ratio 

of the abscissas to the ordinates, but by that which each ordinate of 

the curve is supposed to have to the corresponding ordinates of some 

other known curve. In that case the tangents are drawn by the 1 

following method. Let us suppose, for example, that the curve 

BMV (Jig. 10) depends on the two known curves AL and CN, by 

mearis of an equation between the corresponding ordinates PL, 

PM, PN, which we shall call respectively x, y, z. Since the curves 

AL and CN are supposed to be known, their subtangents PS and 

PR are also considered as known. Call PS, s and PR, s' ; and 

imagine the ordinate p n m I to be drawn infinitely near to PL, and 

L u, Mr, n o parallel to CPA. The similar triangles LPS, Lul give 

PS : PL :: Lu :ul; that is, s : x : : Lu : dx; 

sdx 
therefore L u = = M r. Now the similar triangles TPM 9 

Mr m give rm : Mr : : PM : PT; that is, 

dy: s —::y: PT; therefore PT= i^-; 
y x * xdy ' 

then, if the equation of the curve contained only x and y, we should, 

by differentiating this equation, have the value of , which being 

dy 

substituted in LU. f , would give the value of P T freed from differ* 

*dy 

entials. But as this equation contains x, y, and z, its differential 
will contain dx, d y, and d z ; we must therefore find the value of 
d z expressed in terms ofdx and d y. Now the similar triangles 
N on and NPR give No: o n or L u : : NP : PR ; that is, ob- 
serving that while PM increases, PN diminishes, so that its differ- 
ence N o or d z is negative, 

* — dz : til ::z:s'; therefore d z -= — **** . 

x s' X . 

so that, putting in the differential equation of the curve, the quantity 

sz , instead of dz, we shall easily find the value of _? to be 



s 7 x ' dy 
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s 

s v d x 
substituted in the formula -^-= — of the subtangent. As an exam- 

x ay 

pie, let us suppose that AL and CN being any two known curves, 

the ordinate PM is always a mean proportional between PL and 

PN, we have x : y : : y : z ; or x z = y 2 for the equation of the 

curve BM. Differentiating, it becomes 

xdz-\-zdx = 2ydy; 

s z d x 

substituting for d z its general value — , we have 

s x 

s z d x 
[-zdx=:2y dy, 

i , dx 2 s' y . nrrt sydx. 
whence we deduce — = — r- — — T ; then PT= -A-, — becomes 

dy z(s' — s) x dy 

2 s s' y 2 

,. or, substituting for y 2 its value x z, and reducing, 



x z(s' — s) 

PT=* SS 



s—s 

It is easy to vary these examples by taking any equation we please 
in terms of x, y t and z. We may, if we please, suppose AL and 
CN to be straight lines (Jig. 11). In this case, taking always PM 
a mean proportional between PL and PN, the curve BM is a conic 
section, viz. a parabola, when the point C is infinitely distant, or the • 
straight line CN is parallel to AC; an ellipse, when the two angles 
HA C and HC A are acute; and, particularly, a circle, when they 
are each 45° ;' and an hyperbola, when one of the two angles is 
obtuse. 

39. When the ordinates issue from a fixed point, we take as ab- 
scissas the arcs of a known curve, which most commonly is a circle; 
that is, in this last case, the equation expresses the ratio of the ordi- 
nate CM (Jig. 12) to the angle ACM, which that line makes with 
another, such as AC, given in position; or it announces the ratio of 
the ordinate CM to the arc OS described with a* determinate radius. 

To draw the tangents, when we have the equation between the 
ordinate CM and the angle ACM, or the arc OS, we imagine that, 
forealch point M, there is raised upon CM a perpendicular CT which 
meets the tangent TM in T, then taking the infinitely small arc M m, 
and drawing the ordinate m C, we conceive that with the radius CM, 
there has been described the arc Mr, which may be considered as a 
straight line perpendicular to Cm at r. As the angle Mm r differs 
infinitely little from the angle TMC, the triangles Mr m and TCM 
are similar, and give r m (dy) : Mr : : C M (y) : CT; or 

d y : Mr : : y : CT= J ^ < — J ' 

. d y. 

calling the arc OS, x, and its radius, a, the similar sectors CSs and 
CMr give CS : CM : : Ss : Mr; that is, ' 

j tut V dx 

a : y : : d x : M r = . 

y a 

Substituting this value of M r in that of CT, we have CT or the 

6 
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subtangent = y . Now as the Tatio between x and y is sup- 
posed to be known, it will be easy, by differentiating the equation 
which expresses this ratio, to obtain the value of -=- , which, being 

substituted in that of CT, will give a new expression for CT, freed 

from differentials. 

If we suppose, for example, that the ordinate CM (Jig. 13) is 

always to the corresponding arc OS, in the ratio of m to n, that is, if 

y : x : : m : n, we have V* y = m x ; then nd y=mdx, and conse- 

. dx n . . 
quently -=- = - ; therefore 
dy m 

CT= y2 dx z=z y 2 x — =?X — ; 

now, by the equation, we have ■— = x ; therefore CT = — . If, 

m a 

then, from the point C, as a centre, with the radius CM, we describe 

the arc MQ, we shall have CT=MQ. For the similar sectors COS 

and CQM give OSf : OS : : CJtf : JtfQ, that is, 

a:x::y : Jtf Q = ^ ; therefore CT= Jtf Q. 

The curve of which we have just been speaking is the spiral of 
Archimedes. 

40. Let us now suppose that, OS (Jig. 14) being a known curve, 
or one whose tangents may be drawn, the curve BM is constructed 
with this condition, that CS 9 x, and CM, y, have with each other a 
determinate ratio expressed by a given equation. If we conceive 
the infinitely small arc Mm, the ordinates CM, C m, and -the arcs 
M r,S q, described from the centre C and with the radii CM and 
CS, it is evident that the differentiation of the equation will give only 
the ratio of d y to d x or r m to s q, since y and x are the only 
variables which enter into this' equation. But, in order to determine 
the subtangent CT, we must have the ratio of r m to r M . Now 
r M may be thus determined by means of the conditions of the 
question. 

Since the curve OS is known, the subtangent CQ for each point 
S is given; now the similar triangles QCS y Sqs give 

CS:CQ::qs:qS; 

calling, therefore, CQ, s, we shall have x : s : : d x : q S = ; 

• x 

but the similar sectors CS q, CM r, give 

CS : CM : : Sq : Mr; or x : y : : : Mr = -^- — : 

2 x 2 

it is now therefore easy to find the subtangent CT, by comparing 

the similar triangles Mr m and TCM, which give 

rm:rM::CM:CT, or rfy : $ -lA* . : y : CT = i^l— . 

£ 2 ' x 2 dy 

To apply this, let us suppose the curve 5Jlf to be constructed by 

taking SM always of the s,ame magnitude, or equal to a given line 
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a, whatever the line OS may be. We shall have then, x -f- a = y. 

d x 
Therefore d % — d y, and consequently -j — = 1 ; the subtangent f CT 

s y 2 
becomes then Cr=-^-, which is constructed in the following 

x 2 

manner. 

Through the point M and parallel to the' tangent SQ 9 we draw a 

line MN; then having joined the two points 8 and N 9 we draw 

from the same point M a line MT parallel to 8N t and M T, thus 

determined, will be the tangent required. For the similar triangle 

CSQ, CMN, give CS : CQ :: CM : CN, or x : s : : y : CN=~- 

In like manner, the similar triangles CSN and CMT, give 

CS: CN:: CM: CT; or z : -^ : : y : CT = -|" 

x * x 2 

We perceive, by these examples, how to proceed in the applica- 
tion of the same methods to other cases. It is to be observed in 
conclusion, that when OS is a straight line, the curve BM t which 
is formed by taking SM always of the same magnitude, is what is 
called the Conchoid of Nicotnedes. 

Application to the limits of curved lines, and in general to the 
limits of quantities, and to questions on Maxima and Minima. 

dx 
41. We have seen (32), that ^- expresses the tangent of the 

angle which the curve, or its tangent makes, at each point, with 

d y 
the ordinate ; and that -p represents that of the angle which the 

U X 

curve or its tangent makes with the axis of the abscissas. 

To know, therefore, at wbat point the tangent of a curve be- 
comes parallel to the ordinates, we must find the values of x and 

dx 
y corresponding to -r- = 0, or simply, to d x = ; and to find 

where the tangent of the "curve is parallel to the abscissas, we 

d y 
must suppose -t 2 = 0, or merely d y = 0, and the values of x 

O X 

and y which result, are those of the point of contact. 

It evidently follows from this that, in order to find whether a 
curve, of which we know the equation, has, at any point, its tan- 
gent parallel to the ordinates or to the abscissas, it is necessary 

' dx 

to differentiate the equation, and having deduced the value of -p, 

if we make the numerator of this ratio equal to zero, we shall 
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have an equation which, with the equation of the curve, will give 
the value of x and that of y, which determine at what points the 
tangent is parallel to the ordinates ; so that if there are more than 
one of these points we shall have several values for x and y. 

On the contrary, if we make the denominator equal to zero, 
this equation, conjointly with that of the curve, will determine 
the values of x and y, which answer to the points where the tan- 
gent of the curve becomes parallel to the abscissas. It must 
however be observed, that although d x is always zero, when the 
tangent is parallel to the ordinates, as well as dy y when the tan- 
gent is parallel to the abscissas, still it must not be concluded, 
when the value or values of x resulting from the supposition that 
d x = 0, or that d y = 0, are found, that the tangent is parallel to 
the ordinates or abscissas, except when we have not at the same 
time d x == 0, and d y = 0. 

To illustrate these rules by a familiar example, let us take the 
curve which has for its equation 

y 2 +x 2 =3ax — 2a 2 + 2by — b 2 , 
which, on the supposition that x and y are perpendicular to each 
other, belongs to the circle, the origin of the coordinates being at 
the point A. 

The lines AP (Jig. 15) are x> and the lines PM, PM' are the 
two values of y which the resolution of the equation gives for 
each value of x. 

If we differentiate this equation, we have 

2ydy -\-2xdx = 3adx-\-2bdy, 

, - , dx 2y — 2b 

whence we deduce ■=— = ~ «-• 

ay 3a — 2z 

Let us first make the numerator equal to zero; to find the 
points at which the tangent becomes parallel , to the ordinates, we 
shall have 2 y — 2 6 = 0, or y = b. Substituting this value in 
the equation of the curve, it becomes, 

b 2 +x 2 = 3ax—2a 2 + 2b 2 — b 2 , ovx 2 — 3ax = — 2a 2 , 
which, being resolved, gives x = £ a ± s/\a 2 ; that is, x= 2 a, 
anda? = fl; which shows that the curve or its tangent becomes 
parallel to the ordinates at the two points JR and JR', which have 
for the ordinate the line b, and of which one, JR, has for its ab- 
scissa the line -4Q = a, and the other, JR', has for its abscissa the 
l\neAQ'=2a. 
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dx 
Let us now make the denominator of t- equal to zero, to find 

at what point the curve or its tangent becomes parallel to the ab- 
scissas. We shall have 3a — 2 # = 0, or # = J- a. Substituting 
this value in the equation of the curve, we have 

y 2 -|-|.a 2 ==f a 2 — 2^ + 2 by — b 2 , 
or y 2 — 2by+b 2 = $a 2 ; 

and, extracting the square root, y — b = ± £ a ; therefore 

y = b ± i a ; that is, y = b -f- 1 a, and y = b — £ a, 

which shows that the tangent becomes parallel to the abscissas, 

at the two points T and T, which have as their common abscissa 

the line AS= £ a, and of which, T has for its ordinate 

ST = & + £ a, and T, the line *ST=6 — £ a. 

The points Q and Q' are called the limits of the abscissas, be- 
cause, between Q and Q' for each abscissa AP, are corresponding 
real values PM and PiJf for y; while between Q and A, 
and beyond Q' with reference to A, there is no point of the curve, 
so that if x be supposed smaller than AQ or a, or greater than 
Aty or 2 a, no real value can be found for y. Indeed, if in ithe 
equation we substitute for x a quantity a — q smaller than a, or 
a quantity 2a-fy greater than 2 a, on resolving the equation, the 
two values of y will be found to be imaginary. 

In like manner, if through the point A we conceive AU to be 
drawn parallel to the ordinates, that is, to the axis of the ordinates ; 
and if through the points T and T, the lines Ti, TL' be 
drawn parallel to the abscissas ; the lines 

AL = ST= b — i «, and AL' = ST= b + £ a, 
are the limits of the ordinates ; for it is evident that there can be 
no ordinate greater than AL\ nor smaller than AL, the tangent 
being supposed parallel to the abscissas. In fact, if in the equa- 
tion of the curve, a quantity, b — £ a — q smaller than b — £ a, 
be substituted for y, it will be found, on resolving the. equation, 
that the values of x are imaginary. The same thing will happen, 
if instead of y, the quantity b -f- £ a + j, greater than b+ £ a be 
substituted. 

42. The ordinate ST is the greatest of all those which termi- 
nate in the concave part RTR' of the circumference. The oi> 
dinate ST is the least of those which terminate in the convex 
part; and the ordinates QR, Q'R' are, at once, the least for the 
concave part, and the greatest for the convex. 
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43. Thus the same method serves at the same time, 1st, to 
assign the limits of the abscissas and ordinates ; 2d, to determine 
in what cases the tangent becomes parallel to the abscissas or to 
the ordinates ; 3d, to find the greatest and the least abscissas or 
ordinates. 

44. Now in whatever manner a quantity is expressed algebra- 
ically, the algebraical expression which represents it, may always 
be considered as the expression for the ordinate of a curved line. 

For example, if ^ is the expression of a quantity 

which we call y, in which case we have y = ^ -, we may 

9 

consider this equation as that of a curved line whose abscissa is a?, 
and ordinate, y. If then the quantity ^ — - may, in a cer- 

tain case, become greater or smaller than in any other case (which 
is called being susceptible of a maximum or minimum), it is evident 
that we must pursue exactly the same method as above, that is, 
differentiate the equation, and having deduced from it the value of 

dx 

-j- > make the numerator or denominator of that value equal to 

zero. 

45. It is to this that the method which is called that of maxima 
and minima is reduced. This method is one of the most useful 
in analysis, and has for its object to find, among several quantities 
which increase or decrease according to a certain law, that which 
is greatest or least ; or, in general, that, among all similar quanti- 
ties, which possesses certain properties in the highest degree. 
We shall now give some examples from Geometry and Algebra. 
Mechanics will hereafter furnish some at once more curious and 
more useful. 

46. Let it be proposed to divide a given number f a into two 
parts, such that their product shall be a maximum. Call x one of 
the parts ; the other will be a — a?, and the product will be repre- 
sented by a x — x 2 . Let this product = y ; we have y = ax — oo 2 ; 
by differentiating, therefore, dy=adx — 2 x d x 9 and conse- 
quently 7— = Q — ; if we make the numerator equal to zero, 

!■ * ■ i. i i. . .■ ■ ■ „ , , i ■ ■ 

t See the Introduction. 
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we have 1 = 0, which is absurd ; consequently if there be a 
maximum, it will be shown by making the denominator equal to 
zero ; let therefore a — 2 x = 0, whence x = £ a, which shows, 
that among all the different ways in which a number may be di- 
vided into two parts, the product of the two parts will be greatest, 
when each is one half of the number.f 

47. When, as in this example, we have the algebraical expres- 
sion of a quantity, we may dispense with making it equal to a new 
variable y ; we have merely to differentiate, and make the nume- 
rator or denominator, if the differential is a fraction, equal to zero. 
Thus, in the same example, we merely differentiate a a; — x 2 } and, 
making the differential a d x — 2x d x equal to zero, we have 
a d x — 2 x d a?= 0, whence we deduce, as before x = £ a. 

48. To take a more general question, let it be proposed to di- 
vide a known number a into two parts, such that the product of a 
determinate power of ode of the parts by the same or another 
power of the other part, shall be the greatest possible. Let x 
represent the first part, and m the power to which it is to be raised ; 
the second part will be a — x, and if n designate its power, the 
product in question will bex m (a — x) n . If we differentiate this 
product and make the differential equal to zero, we shall have 

m z M ~ l dx (a — x) n — noe*d x (a — x) n ~ 1 =0. 
Dividing the whole by af*— 1 dx (a — a?)*~ *, we have 

m (a — a?, — nx = 0, or m a — mx — nx = Q 9 

which gives x = — ^p— . If we suppose, for example, {hat it is 

required to divide a into two such parts that the square of one 
multiplied by the cube of the other part, shall be the greatest 
product possible ; then m = 2, w=3. We have therefore 

'8a 

that is, that one of the parts must be | of the number or quantity 
proposed, and the other be consequently three fifths. . 

What has been said above in relation to figure 15, shows that 
a quantity may become greatest among all quantities of the same 

t It is here to be observed that those considerations, employed in 
the solution of this question in the introduction, do not here appear, 
but are contained in the calculus, being principles which are at the 
foundation of this mode of considering questions. 
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kind, in two different ways ; either when increasing first, like PM*, 
it diminishes afterwards, or when, like P'M", it continues to in- 
crease, until it stops suddenly on becoming tyR ; but in this 
' last case, it is at once the greatest of all the ordinates which termi- 
nate in the convex part, and the least of those which terminate in the 
concave part. In like manner a quantity may become least of all 
those of the same kind, in two different ways ; either, like PM, 
by diminishing at first to increase afterwards, or, like P'M", 
by diminishing until it suddenly stops, and then it is at once a 
minimum and a maximum ; it is a minimum with reference to the 
branch BfPM'", and a maximum with reference to the branch 
MTM f . 

49. So that, to ascertain whether a quantity is a maximum or a 
minimum, or both, we must, supposing a to mark the value of x, 
corresponding to the maximum or minimum, substitute successively 
instead of x, in the quantity proposed, a -[- q, a, and a, — q. If 
the two extreme, results are real and less than the middle one, the 
quantity is a maximum ; if, on the contrary, the intermediate result 
is the least, the quantity is a minimum ; finally, if of the two 
extreme results, one is imaginary and the other real, the quantity 
is at once a maximum and a minimum. 

50. When, in the determination of a maximum or minimum, the 
value found for the variable renders that of the maximum or mini- 
mum negative, we must conclude that the maximum or minimum 
which it indicates, does not belong to the question under considera- 
tion, but that it answers to a question in which some of the con- 
ditions are of a contrary character. If, for example, it were 
required to divide the line AB (Jig* 16) at the point C, in such a 
manner that the square of the distance AC from the point A, being 
divided by the distance BC from the point B, gives the least 
possible quotient ; then, calling the given line AB, a, and the dis- 
tance AC, x; the remainder CB is a — x, and consequently the 

quotient is — : — ; differentiating this quantity or x 2 (a — a?)"" 1 , 

we have 2xdx(a — x)~-~ l -\-x 2 dx (a — a?) -2 = 0, 

2x d x , x 2 dx 

or K ^ = 0, 

a — x (a — x) 2 ' 

or 2axdx — x 2 dx = 0, or (2a — x)x = Q; 

which gives either x = 0, or 2 a — x = ; the first value indicates 
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a minimum, which is evident without calculation. As to the sec- 

ond, which gives x = 2 a, if we substitute it in , we find 

° • a — jr 

-— or — 4 a. The minimum, therefore, does not belong to the 

present question. But if we examine the value of x = 2 a just 
obtained, we see that the point C cannot be between A and B, 
but that the question will have a solution, if it be required to find 
it in AB produced beyond B with regard to A. In that case, if 
we call AQ, x, the distance BO will not be a — a?, but x — a, 

and the quantity under consideration will be , which, being 

differentiated and made equal to zero, gives 

2x dx x 2 dx 

x — a (x — a) 2 ' 
or, after making the reductions, * 

x 2 dx — 2axdx=zQ, 

which gives x = 2 a, as before ; but this quantity, substituted in 

x 2 
, changes it into 4 a. There is therefore a minimum for this 

case. 

If the denominator x — a of the differential be made equal to 
zero, we have #=*=«, which indicates a maximum; and indeed, 
when x = a, the quantity becomes infinite. But it has nevertheless 
the true character of a maximum, for whether we suppose x greater 
or less than a, it gives a less quantity than to suppose x=a. 

51. When the expression of a quantity of which we wish to 
know the maximum or minimum, contains any constant multiplier 
or divisor, we may suppress this multiplier or divisor before dif- 

a y 
ferentiating ; for if we suppose that -r- represents a quantity 

which is to be a maximum, or a minimum, a and b being constant, 
—j~ must be = ; but since a and b are not zero, d y must ne- 
cessarily be = ; the conclusion is therefore the same as if the 
maximum of y only were required, that is, the same as if the con- 
stant divisors and factors were suppressed. This remark serves, 
in many cases, to simplify the calculation. 

52. Let it now be proposed to find, among all the lines which 
may be drawn through the same point D given in the angle 



60 Differential Calculus. 

ABC (Jig. 17), that which forms with the sides of the angle the 
least possible triangle. 

Through the point D let DG be drawn parallel to the side AB 9 
and supposing EF any straight line drawn through the point D, 
let fall upon BC the perpendicular DK, and from the point E, 
where EF meets AB, let fall upon BC the perpendicular EL. 
The line BG is considered as known, as well as the perpendicular 
DK; let therefore JB6?= a, DK=b, and let BF, the base of 
the triangle BEF, be = x. We see that, from a certain point, 
the more BF increases, the greater will be the triangle. If, on 
the contrary, BF diminishes, the triangle will diminish also, but 
only to a certain point; for if BF should become nearly equal 
to BG, the straight line EDF would be nearly parallel to AB, 
since it would nearly coincide with GD, in which case the triangle 
would be very great. There is then a certain value of BF, 
which gives the smallest triangle possible. In order to find this 
value, we must discover the general expression of the triangle 
BEF. Now the similar triangles BEF, GBF give 

GF: BF::DF:EF; 
and the similar triangles DKF and ELF, give 

DF:EF::DK:EL; 
therefore GF:BF:: DK : EL ; that is, 

x — a : x : : b : EL = ; 

x — a 

Ff y RF 
therefore the surface of the triangle BEF, which is 5 , will 

b x x Xb x 2 

be X oj or • We must therefore differentiate this 

x — — a a x — a 

quantity, and make the numerator or denominator equal to zero, or„ 

since we may suppress the constant factor \ b (51), we need only 

x 2 
differentiate the quantity ; and, not to repeat aa* operation 

which has been already performed (50), we .shall find x= 2 a; if, 
therefore, we take BF=2a = 2 BG, the line FDE, drawn 
through the point D, will give the triangle FBE for the minimum 
required. 

53. Let it be proposed to find, among all the parallelopipeds 
of the same surface and the same altitude, that which has the 
greatest capacity. 
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« 

Call A the altitude and c 2 the surface of the parallelopiped, x 
and y the two sides of the rectangle which serves as base. The 
whole surface is composed of six rectangles, of which two have 
each x for their base and A for their altitude, two others have A 
for their altitude and y for their base, and the two last have x for 
base and y for altitude ; so that the whole surface is expressed by 

2hx-\- 2Ay + 2a?y; 
that is, we have 

2Aa?-f 2Ay + 2a?y=c 2 . 
The capacity or solidity is A x y. Since then it must be the great- 
est of all those of the same surface, we have hxdy -^hy dx=Q, 
or, what comes to the same thing, 

xdy-{-ydx = 0. 
But the equation 2Aa?-|-2Ay-|-2a?y:=c 2 , which shows that 
the surface of all these parallelopipeds is constant or the same, 
gives 2Adz + 2Ady+2a?dy-f-2yrfa? — 

Substituting, therefore, in this equation, the value of d x found in 
the other, we have, after making the reductions, y = x ; the base 
therefore must be a square. To find the value of the side, we 
substitute for y its value x in the equation 

2 A x + 2 A y -f 2 x y — c 2 , 
which thereby becomes 4 A x -|- 2 a? 2 = c 2 ; which, being resolved, 

gives x = — A ± \/A 2 + ic 2 , whose root x= — A — V* 2 +i c2 » 
being negative, does not belong to the present question ; thus the 
true value of x is 



x =— A + v^+^c 2 . 
54. If it is now asked what must be the altitude A, in order 
that the parallelopiped may have the greatest solidity among all 
those of the same surface ; we observe (hat since, the altitude 
being A, the base must be a square, this solidity will be expressed 
by A a? 2 ; considering then A and x as variable, the differential of 
hx 2 must be eqdfcl to ; we have therefore 

2Aa?da? + a? 2 <ZA = 0, or 2 Ada? + a?d* = 0. 
But the equation 4 Aa?+ 2 a? 2 = c 2 , which indicates that the sur- 
face is constant, gives for its differential, 

4Ada? + 4a?dA + 4a?da? = 0; 
substituting, therefore, in this equation, for dh, its value found 
from the equation 2Ada? + xdA = 0, and making the reductions, . 
we have h = x\ the parallelopiped sought must therefore be a 



52 Differential Calculus. 

cube, since its altitude h is equal to the side x of the square 
which serves as base. To find now the value of the side of this 
cube, we must substitute for A its value x, in the equation 

4hx + Zx 2 =c 2 , 
which thus becomes 

4a? 2 + 2a? 2 = c 2 , or 6 x 2 = c 2 , 



which gives x = f_f_. 



Therefore, of all the parallelopipeds of the same surface, that 
which has the greatest solidity is the cube which has for its side 
a line equal to the square root of the sixth part of that surface. 

55. JLet it x now be required to find, among all the triangles of 
the same perimeter and same base, that which has the greatest 
surface. 

Let a be the base AB, and c the perimeter of the triangle 
ABC (Jig. 18). Let fall the perpendicular CP, and call AP, x ; 
CP, y ; we shall have 

PB = a — x ; AC = j^ X 2 + y2, 
and CB = yy2 + (a— x)2. 

Then the perimeter will be 

and the surface = ^. 

2 

Now, by the conditions of -the question, we must have 

ady 

-g— =0, or dy = 0. 

But, if we differentiate the expression for the perimeter, we have 
xdx + ydy — d z (a — x) -\-ydy _ 

V x2 +V 2 ^/y2 + (a — x)2 " ~ 

which, d y being = 0, is reduced to 

x dx (a — x)dx 

— v f q . 

V X2 + y2 \/y2 + (a — x)2 ' 

or, dividing -by d x, and freeing from fractions, 

x Vy 2 + («-*)2 — (4— *) Vy 2 +* 2 = 0- 
Squaring the two members, performing the operations indicated, 
suppressing the terms which cancel each other, and reducing, we 
arrive at this equation, 

x 2 = (a — x) 2 = a 2 — Qax + x 2 ; 
whence x —* a, which shows that the triangle must be isosceles. 
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To construct it, we raise a perpendicular from the middle of AB, 
and having described from the point J? as a centre, with a radius 
equal to half the excess of the perirrieter c over the base a, an 
arc cutting that perpendicular in C, and drawn CB and CA> we 
have the triangle which has the greatest surface among all those of 
the same perimeter, and the same base. 
- — J— 56. If it is now required to find, generally, among all the trian- 
gles of the same perimeter, that which has the greatest surface, it 
must be observed, that whatever be the base, we see by the pre- 
ceding solution that x must always be equal to half of it, that is, 
that whatever be the values of a, x is always = £ a. This being 
the case, the equation which expresses the perimeter will be 

reduced to V± fl2 +y 2 + Vi fl2 +y 2 + a == c > 
or 2y^a 2 -f-y 2 = c — a; 

squaring and finding the value of y, we have 



-J 



c 2 —2ac 



4 

The surface ~ of the triangle will therefore be 



2 J 



c 2 —2ac 



4 

Since then it must be the maximum among all those of the same 
perimeter, whatever may be the base a, we must make equal to 
zero the differential of 



3 J 



c 2 —2ac 



, or of a \/c 2 — 2 a c, 



4 

a being considered as variable. We shall have then 

d . ay'c2_2ac — d . a (c 2 — 2 a c)* 

= (c 2 —2 a c)* d a — c a d a (c 2 —2 a c)~* 

cad a 

= a a \/c2 — 2 a e / =. = 0. 

v y C 2- 2ae 

Making the denominator to disappear, 

da(c 2 — 2a c) — cada = 0; whence a = ~ ; 

therefore the base a must be a third of the perimeter ; and as we 
have already found the triangle to be isosceles, it follows that it 
must be equilateral. Therefore of all the triangles of the same 
perimeter, the equilateral is that which has the greatest surface. 



54 Differential Calculus. 

57. In these two solutions, we have not made the denominator 
equal to zero, because, in the first, that would have given an 
imaginary value for x ; and in the second, we should have found 
a — ^t, which would have no better satisfied the question, since, 
if the base were half of the perimeter, the two other sides Would 
be confounded with the base, and the triangle would be zero. In 
future, whenever the supposition of the numerator or denominator 
made equal to zero, would lead to no admissible solution, we shall, 
to avoid useless investigations, pass over it without notice. 

58. In the last question but one, we were able to determine, 
among all the parallelopipeds of the same surface, that which has the 
greatest capacity, only by first considering parallelopipeds of the same 
altitude. In like manner, in the last question, we have found among 
all triangles of the same perimeter, that, which had the greatest 
surface, by first resolving the question for triangles of the same base. 

It is usually more simple to proceed in this way ; that is, to resolve 
the question by making the least possible number of quantities vary 
at once, and afterwards successively treating as variable each one of 
the quantities which have been considered constant. If, for example, 
it were required to divide a given number into three parts, in such a 
manner that the product of these three parts should be the greatest 
possible ; calling x and y two of these parts, and a the given num- 
ber, the third part will be a — x — y, and the product of the three 
will bexy(a — x — y), of which the differential must be made 
equal to zero. But, instead of considering x and y as both variable 
at the same time, we shall differentiate, considering x only as varia- 
ble ; we have then, < 

aydx — 2xy dx — y 2 dx = 0, 

whence we deduce x = £ (a — y ). 

The product x y (a — x — y) is thus changed into £ y (a — y) 2 . We 

now differentiate, considering y as variable, and have 

idy(a — y y—$ydy{a— y), 
which we also make equal to zero, and have 

d .V ( a —y) 2 —%ydy (a— y) = 0, 
whence we deduce y = £ a ; 

wherefore x, and a — x — y are each equal to £ a. 

59. We may also, if we please, make all the variable quantities 
vary together, then, collecting all the terms which are multiplied by 
the differential of the same variable, make their sum equal to zero, 
and do the same thing- with regard to the differential of each variable. 
Thus, in the last example, we should have 

ax dy -\-aydx — 2xydx — x 2 dy — 2xydy — y 2 dx=z 0, 
whence we obtain, by making equal to zero the sum of the terms 
affected by d %, and that of the terms affected by dy, 

aydx — 2xy dx—y 2 dx = 0, 

and azdy—2xydy — z 2 dy~0; 



J 
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or, dividing the. first by y d x, and the second by x d y f 

a— 2x— -y = 

a — 2y — 2 = 0, 

equations from which we immediately conclude that i= J a, and 
that y = I a, as before. 

It is easy to perceive the reason of this process, if we observe that 
the only condition to be answered is that the whole differential be 
equal to zero. Now this condition can be answered generally in one 
of two ways only, either by supposing each of the two differentials 
d x and d y equal to zero, which indeed satisfies the equation, but 
makes nothing known, or by supposing that the sum of the terms 
multiplying d x, and of the terms multiplying d y, are each zero, 
which is precisely what we have done. 

60. When the conditions of the question are expressed by several 
equations, we must, before applying this rule to the differential equa- 
tion which is to determine the maximum or minimum, deduce from 
the other differentiated equations the values of the differentials of as 
many variables as there are equations besides that, and substitute 
them in that equation ; the rule is then to be applied as if there were 
that equation alone. Thus, in the example already given of the 
greatest parallelopiped, we had this equation, 

2Az-f 2Ay-f 2zy = c 2 , 

and the condition that hx y was to be a maximum. If then h, z, and 
y are to be considered as varying at once, the first equation, being 
differentiated, gives 

2hdx+2xdh + 2hdy + 2ydh + 2xdy + 2ydx = 0, 
and the condition of the maximum gives 

hxdy -\-hy dx-\-xy dh=0. 
From the first we find 

— ydx — xdy — hdy — hdx 



dh 



x +y 



substituting this value in the second equation, we have, after the 
usual reductions, 

hx 2 dy-\-hy 2 dx — xy 2 dx — x 2 ydyt=s0. 

We may now put equal to zero' the sum of the terms multiplying d x, 
and that of the terms multiplying d y. We have 

hy 2 — xy 2 = or A = z,and hx 2 — x 2 y = Oor A=y ; 

and since h = x, we have also y=x; the three dimensions x, y 
and h are therefore equal, which agrees with the former solution ' 
and putting these values in the equation ' 

2Az-f 2hy + 2yx=c 2 , 

we have 6 h 2 = c 2 , whence 



Jc c 
~6" 



as in the former solution. 

61. We may not only make the quantities vary successively, or 
all at once, but we may take as constant any function whatever of 
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these quantities, provided that the number of these new arbitrary 
conditions, united to that of the conditions of the question, be not 
greater than the number of the variables z t y, z, which enter into the 
question. This remark may be of the greatest use in many ques- 
tions, especially when there are radical quantities. For example, 
let it be required to find among all the quadrilaterals of the same 
perimeter, that which has the greatest surface. If from the angles C 
and D (Jig. 19) we let fall the perpendiculars CF and DE upon the 
side AB, and from the point D draw DK parallel to AB ; then, call- 
ing AE 9 s; DE 9 t; AF s u; CF,x; and BF,y; we have by the 
property of right-angled* triangles, 

DA = */ 8 2 + t2 t DC= */(8+u)2+(x — t)2, CB = */x2+y2' 9 

then if the perimeter be equal to a, we have 

*/82+t2 4" \/(*+ ~U)2 + (x — iJ2 + */ X 2+y2 -j- « + V = «• 

Again, the surface ABCD is equivalent to the trapezoid 

DEFC— the triangle DAE + the triangle CFB ; 
that is, 

This being laid down, it would be necessary to differentiate the 
two preceding equations. But the radical quantities would render 
the subsequent operations very complicated. To avoid these diffi- 
culties, we suppose, at first, that the three radical quantities are con- 
stant, which gives 

which being = 0, because the quantity was considered as constant, 
we have 

1st, sds-\-tdt = 0. 

We find also for the differential of the second radical 

2d, (s + u) (ds + du) +(z — t) (dx— dt) = 0; 

and for the third' 

3d, zdas + y tfy = 0. 

The equation of the perimeter being differentiated on the same 
supposition, gives (since the differential of each of the radical quan- 
tities is zero), 

4th, dti-|-<ty = 0. 

The expression of the surface being differentiated and put equal to 
zero on account of the condition of its being a maximum, gives, 5th, 

(s+u)(dt+dx)+(t-\-x)(ds+du) — td s — 5 d t+x dy+y dx = 0, 
or 
udt-\- sdx-\-udx-\- tdu-\-xds-{-xdu-\-xdy-\-y dxessO. 

The first gives d s = — ; the third d x = — ^— ^, and the 

s x 

fourth du = — d y. Substituting these values in the second and 
fifth, we have, after all reductions, 

— (t dt+ sdy) (u + s)z—(ydy + xdt) (x — t) s = 0, 
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and 

suxdt — suydy — s 2 ydy —t s xdy — x 2 tdt — sy 2 dy = Q. 

If we deduce from this last the value of d t, we shall see that all the 
terms of its numerator are affected by s, and that, by substituting it 
in the preceding, all the terms will also be affected by s, wherefore 
5 = 0, which shows that the angle DAB must be a' right angle. 
This being determined, the equation of the perimeter is reduced to 

and the expression of the surface becomes 

<'+■>*-+?- 

Let us now differentiate, supposing only the two radicals constant, 
we have 

ud t*-|- (x — >t) (dx — dt) == 0; 

xdx-{-y dy = 0; 

d t -[- du -|- dy = ; 

u(dt + dx)-\-(t-\-x)4u-\-xdy + ydx = 0. 

The second equation gives 

, xdx 
dy = ; 

y 

the third, 

7. 1 * /,../., v x dx — ydu 
dt=z — du — d y = (substituting for d y) ; 

these values, substituted in the first and fourth equations, give 

yudu-\-{x — t) (ydx — z dz-\-y du) = 0, 

and 
u(zdx — y du-\-y dz) -J- (f-{- x) y du — x 2 d x-\-y 2 dx= 0. 

Now, if, from one of these we find the value of x, and substitute it 
in the other, we shall have an equation of which all the terms will 
be affected by y, and which consequently gives y =0, and shows that 
the angle CBA must also be a right angle. This being the case, the 
equation of the perimeter becomes 

t-\-*/ U 2+(x — t)2-\-x + u = a, 

and that of the surface N = (f -}- x) X 51 

differentiating, therefore, supposing the radical constant, we find 

udu-\-(x — t) (dx — dt) = f 

dt-\-du-\-dx = 0, 

u (d t + d x) + (t -}- x) d u = 0. 

The second gives dt = — dx — du, 

and substituting this value in the two others, 

udu + (x— t)(2dx-\-du) = Q, 
and — udu-\-(t-{-x)du = Q. 

This last gives du = Q; whence the preceding becomes 

(x — t ) 2 d x = 0, whence x = t . 
8 
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This being determined, the equations of the perimeter and surface 
are reduced to 2 1 -[- 2 u = a, and surface = t u. 

The lines AB. AD, DC, CB, are all equal ; and since the angle 
A roust be a right angle, the other angles being such, the quadrilate- 
ral sought is a square. 

We might have arrived at this property more readily, but that was 
not our principal object. We wished to show how the liberty of 
treating certain quantities as constant, may, in many cases, much 
facilitate the operation, and this example was well adapted to the 
purpose, as, without this artifice, the calculation would have been 
very complicated ; similar methods may be applied to other polygons, 
and it will be fouqd, that, in general, of all the polygons of the same 
number of sides, that is greatest which is a regular polygon. Whence 
it follows, that, of all figures of the same perimeter, the circle is that 
which contains the greatest space. 

Of Multiple Points, 

62. We have examined what takes place when one of the two dif- 
ferentials dx or dy, or which is the same thing, when the numerator 

dx 
or denominator of the fraction -= — becomes zero ; and we have 

dy 

found that one of these two cases always exists whenever there is a 

maximum or minimum. But it may be asked what takes place, if the 

dx 
denominator and numerator of the value — become zero at the 

dy 

dx 
same time, and to what, in that case, is the value of -=- reduced ? 

dy 

In answer to these questions, we first observe, that when we differ- 
entiate the equation of a curve, as there are only terms multiplied 
by dx and those multiplied by dy, we may, calling A the sum of the 
former, and B the sum of the latter, represent the differential equa- 

t ion by Adx-\-Bdy = 0. This equation gives -=- = — -r- ; now, 

in order that A and B should become zero at the same time, they 

must have a common divisor, which, becoming zero when x and y 

have certain values, renders B and A equal at the same time to zero. 

x(a x) 2 

For example, in the curve which has for its equation y 2 = — — , 

, dx 2a y 

we have — = - ^ — , • 

dy (a—x) 2 —2x(a — x)' 

or, substituting for y, its value, 

dx a.(.-,)Jf 



dy (a — x) 2 — 2x(a — x) 

a quantity which becomes £, when x = a; but we see, at the same 

time, that a — x is a common divisor of the numerator and the de- 

dx 
nominator, and that the value of •=— is reduced to 

dy 
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dx 



b Jt 



dy a — 3x' 

which, in the case of x = a 9 is reduced to =p 1, that is, in this ex- 
ample, the value of % = ^F 1- 
We may indeed proceed thus ; hut this expedient is not always 

dx 
sufficient when the value of -7- contains more than one variable. 

dy 

nor when it contains radical quantities, even if it have but one varia- 
ble. It is therefore necessary to give an easier and more general 
method. But it is first necessary to show the nature of the points 
of curved lines where this singular case occurs. It takes place, as 
we shall soon see, at multiple points, that is, at those points where 
several branches of the same curve meet. 

63. Let us conceive that SOMZMON (fig. 20) is a curve of 
which two branches, at least, intersect at the point O. It is evident 
that to each value of AP, or x, within a certain interval, there cor- 
respond several values of y, as PM, PM, and those belonging to the 
branches which intersect each other, become equal at the point of 
intersection O. 

In like manner, AZ being the axis of ordinates, to each ordinate 
AQ within a certain extent, there must correspond several abscissas 
QN, QN', QN" ; and those belonging to the branches which inter- 
sect each other, must become equal at the point of intersection. 

If, therefore, we represent by a the value of x, and by b that of y, 
which belong to the multiple point, the equation of the curve must be 
such, that when we substitute in it a for z, we shall find for y as 
many values equal to b as there are branches passing through the 
multiple point; and when we substitute b for y, we shall find alike 
number of values for x equal to a. 

It follows from this that the equation must be such as to admit of 
being reduced to this form, 

+ ..... +r(y-*)«==0. 

m indicating the degree of multiplicity of the point in question, and 
F t F &c, T, designating quantities composed in any way of x, y, 
and constants, or, as they are called for conciseness' sake, functions 
of z, y f and constants. 

Indeed, it is evident, that if we make x = a, the equation which 
is then reduced to (y — 6) m T = 0, will be divisible, m times, by 
y — b t and will consequently give m times the equation y — 6 = 0, 
or y = 6." So, if we make y = b, the equation which is then re- 
duced to (x — d) m JF= 0, will be divisible m times by x — a, and 
will consequently give so many times the equation x — a = 0, or 
xz=z a; which cannot happen unless the equation is reducible to the 
form above. 

Let us now conceive this equation to be differentiated m times in 
succession, making also d x and d y to vary, that it may be the more 
general. If we reflect on the principle of the differentiation, we shall 
readily perceive (as will presently be demonstrated by an example), 
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1st, that the last differential equation will be the only one, in which 
there are any terms not affected by y — 6, or x — a. Therefore, 
whenever there is a multiple point, the first, second, third, &c. differ- 
entials of the equation, must, when instead of x and y, are substitut- 
ed their values a and b answering to the multiple point, be all made 
to disappear, except those, the degree of whose differential is marked 
by m ; 2d. It will also be perceived that, in this last differential 
equation, the terms affected by ddx, ddy, d 3 x, &c, and by all dif- 
ferentials of higher degrees, will each have as factor some power of 
x — a, or of y — b ; and consequently, that these differentials will 
disappear at the multiple point. 

From these principles it follows, 1st. That at the multiple point 

dx 
we cannot have the value of— expressed otherwise than by $,.un- 

less by the last differential equation, since all the other differential 
equations being then rendered equal to nothing, the factor of d x, as 
well as that of dy, becomes equal to zero. 2d. That as this last 
differential equation contains neither ddx, ddy, nor any higher dif- 
ferential, it might be derived immediately from the differentiation of 
the proposed equation, i» times successively, supposing dx and dy 
constant. 3d. That in this last differential equation, dx and dyvfill 
be marked by the degree m ; and, that consequently if we divide by 

dx 
dy™, we shall have, by resolving the equation, m values of -=— , 

dy 

which will serve to find the tangents, which the different branches 

passing through the multiple point, have at that point. 

To illustrate and confirm this by an example, let us take the curve 

which has for its equation 

a(y — b) 2 —x(x — a) 2 = 0. 

If we differentiate this equation m times, that is, in this case, twice, 
we shall have, first, 

2ady (y — b) — dx (x — a) 2 — 2 x <f x (x — a) = ; 
secondly, 

2addy (y — b)-\-2a dy 2 — ddx(x— a) 2 — 2dx 2 (x — a) 

—Zxddx(x — a)—2dx 2 (x — a) — 2x dx 2 = 0. 

In which we see that if we substitute a for x, and b for y, the first 
differential equation disappears, and in the second, the terms affected 
by ddx and ddy become nothing, so that it is reduced to 

2ady 2 — 2adx 2 = 0. 

But if, instead of considering d% and dy as variable, in the second 
differentiation, we had considered them as constant, we should have 
had, 

2ady 2 — 2dx 2 (x—a) — 2dx 2 (x — a) — 2xdx 2 c= s 9 

which, on substituting a for x, is also reduced to 2 a dy 2 — 2 a dx 2 e=0, 

dx 
and gives — ==± 1, a result which indicates that there are two 

tangents at the point where x=a, andy = 6; this point is there- 
fore a double point, and the value ^~ — of the subtangent, becoming 
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then = ± b, these two tangents make an angle of 45° with the or- 
dinate. This will be confirmed by the description of the curve by 
means of its equation, which, giving 



y = 6±(z 



"Jr. 



shows that the curve has two branches perfectly equal and similar, 
which interest each other at the point O, where x = a, and y = b. 
Its figure is such as is represented (Jig. 20). 

64. It is easy to determine by these principles whether a curve, of 
which we know the equation, have .multiple points or not, what they 
are and where. We must differentiate the equation ; put equal to 
zero the multiplier of dx and that of dy. These two equations will 
determine the value or values of x and ,y, according as there are one 
or more multiple points ; but to be assured of the existence of this 
multiple point, we must examine whether these values of x and y 
satisfy the proposed equation. Then, to ascertain the degree of 
multiplicity of the point or points found, we differentiate the equation 
anew, but, for the sake of greater simplicity , considering d x and 
d y as constant. If, when the values found for x and y are substi- 
tuted in this second differential equation, all the terms do not disap- 
pear, then the point found is only double. In the contrary case 
it is more than double. We proceed therefore to a third differentia- 
tion, still considering dx and dy as constant : and having substituted 
the values of x and y, the point will be triple if all the terms, do not 
disappear, otherwise it will be at least quadruple. We continue to 
differentiate and substitute, until we arrive at a differential, of which 
all the terms are not made to disappear by the substitution of the 
values of x and y. 

For example, if it is required to find the multiple points of the 
curve, which has for its equation 

y 4 — axy 2 + bx* = 0, 

we differentiate this equation, and obtain 

4y 3 dy — 2axydy — ay 2 dx-\-3bx 2 dx = 0. 

Making the coefficient of dx and that of dy equal to zero, we have 

4^3 — 2 azy = 0, and 3 b x 2 — ay 2 = 0. 

The first of these two equations gives 

y = 0, or 4 y 2 — 2 a x = 0. 

The value of y = 0, being substituted in the equation , 

3bx 2 — ay 2 = 0, gives 36 z 2 = 0, or z = 0; 
now the proposed equation is satisfied by substituting for x and y ; 
therefore the curve has a multiple point corresponding to x = 
and y = 0, that is, at the origin. 

CL X 

, As to the value 4 y 2 — 2 a x = 0, or y 2 = — , if we substitute it 

■ At 

a 2 x 
in 3 b x 2 — a y 2 = 0, we have 3 b x 2 - —^= 0, whence we de- 

A> 

a 2 
duce x = 0, or x = — , but the first, viz. x = 0, gives y = 0, which 

bo 
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indicates the same point as before ; from the second we deduce 



a 3 



y 2 = ' ; but these values of x and y 2 do not satisfy the equation 

proposed. There is therefore no other multiple point than that found 
at the origin. 

To ascertain its multiplicity, we differentiate a second time ; we 
have 

Vly 2 dy 2 — 2axdy 2 •>- 2aydx dy—2 aydzdy+6bxd x 2 =^=0, 

of which all the terms disappear on substituting for x and y their 
values, zero. . Therefore the point is more than double. 
We pass then to a third differentiation ; we find 

24y dy 3 — 2 a dx dy 2 — 2 a d x dy 2 —2 a d x dy 2 -f 6 b d z 3 = ; 

or, substituting for x and y their values, zero, 

6bdx*—6adxdy 2 =0; 

as this third differential does not disappear, the point in question is a 

triple point. 

To determine its tangents, we divide this equation by 6 b and d y 3 , 

. , dx 3 adx 

and have -r— . , = 0, 

dy* bdy 

which gives 

dx dx 2 a dx . |T 

^ = ' and 5F~6= =0 ' or ^ = ± jT- 

dx 
The first value, — = 0, indicates that one of the tangents to the 

multiple point is parallel to the ordinates, that is, that one of the 
branches touches the axis of the ordinates ; since the multiple point 
is also at the origin. The two values 

dx |"^~ 

d V ~~ \T> 
show that the two other branches make with the axis of the ordinates 

each an angle of which the tangent is I—, and that they extend on 

different sides of that axis. We may know the figure of this curve 
by resolving its equation, which gives 



V 



lax x , 



taking for a and b two numbers at pleasure, and successively giving 
to x several values both positive and negative ; it will be found to 
be such as is represented in figure 21. 

Finally, when we have determined a multiple point by the opera- 
tions given above, we must not always conclude that all the branches, 
which are considered as passing through that point, are visible. It 
may happen that the equation which furnishes the tangents, has imagi- 
nary roots; and then there are so many invisible branches. ' The points 
where this happens, are sometimes detached from the course of the 
curve to which they nevertheless belong ; they are then called con- 
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jugate points. But whether detached or not, they are not the less 
considered as having the number of branches indicated by the 
degree of their multiplicity : the curve to which they belong is an 
individual of a more extensive family, in which all these branches 
are visible ; but they become invisible in this, because some one of 
the constant quantities which enter into the equation common to the 
whole family, becomes zero in the particular case of this individual 
curve. It is thus that in the curve, which has for its equation 

m (y — b) 2 — x (x — a) 2 =^ 0, 

(and of which the curve in figure 20 is a particular case, and which 
it becomes when m = a) the leaf, which this curve has, no longer 
exists when a is supposed = 0, which reduces' the equation to 

m {y — b) 2 — x* = 0. 
The two branches OMZ 9 03fZ, which were above the point O, 
will no longer exist in this last, or at least will not be visible ; for we 
may suppose that they are still there, regarding a not as absolutely 
zero, but only as infinitely small. There will nevertheless be two 
tangents, in fact ; but this example enables us to conceive how cer- 
tain branches may disappear. 

65. Several useful consequences may be drawn from what has just 
been said on the subject of multiple points. 

66. 1st. When a fractional algebraical expression, into which there 
enter one or two variables, is such, that by substituting in it for each 
of those variables, certain determinate values, it becomes #, we shall 
obtain the value which this expression ought then to have, by differ- 
entiating separately the numerator and the denominator, as many 
times in succession as is necessary, in order that they may not be- 
come zero at the same time ; and in this differentiation we may treat 
the first differences as constants. Indeed we may always consider 

any fractional algebraical expression — containing two variables, for 

dx 
instance, as being the value of -=- (x and y being these two varia- 

bles); that is, we may always suppose -7- = -j- f and consequently 

A dx — Bdy=0. But since, by the supposition, A and B become 
zero at the same time, when x and y have certain values, it follows 

dx 
from what precedes that to obtain the value of -7- , we must differ- 
entiate this equation, considering rfzandrfy as constant, until we 
arrive at an equation which does not disappear by the substitution 
of the values of x and y. Now these successive differentiations 
give 

d A d x — d B d y = 0, 

ddAdx — ddB dy = 0, 

d* Adx — d*Bdy ^=0, 
whence we deduce 

dx dB dx ddB dx d* B 
dy dA' dy ddA 1 dy d 3 A ' 



f 
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that is, we must differentiate separately the numerator and denomi- 
nator as has been directed ; and the last of these equations will give 

the value of -r-. 
dy 

67. 2d. When an equation, which contains several variables, is 
such, that to certain values of all those variables except one, there 
shall correspond a certain number of equal values of that one, and 
this shall hold true of all the rest, we shall find these values by differ- 
entiating successively so many times less one, the equation proposed; 
considering, in these differentiations, dz, dy, dz, &c. constant, if 
z, y, z, &c. are the variables ; and putting equal to zero the multi- 
pliers of dz, dy, dz, &c, those of dz 2 , dxdy, dzdy, &c, and so 
throughout. If all these equations correspond with each other and 
with the equation proposed, the values of x, y, z, &c, which they 
give, will be the values required. 

68. It may be observed with regard to multiple points, that since 
the values of z and y, found by putting equal to zero the coefficient 
of dz and dy, must satisfy the finite equation proposed, we cannot, 
unless the equation is given in finite terms, or may be reduced to 
them by the methods of the integral calculus, ascertain, by calcula- 
tion alone, the existence of those points. 

Of the visible and invisible points of inflezion.i 

69. It sometimes happens, that a branch of a curve, after having 
been concave towards a certain point, becomes afterwards, in its pro- 
gress, convex towards it (without discontinuing its course). Such is 
the curve represented in figure 22. The point O, where this change 
takes place, is called the point of inflezion. 

To determine these points it must be observed that the tangent to 
the point O must be a common tangent of the branch OB and the 
branch O b, which meet at the point O ; if, therefore, on each side 
of O, we take two arcs, equal or unequal, but infinitely small, the 
tangent must be the prolongation of each arc, so that the two little 
arcs must be in the same straight line. 

This being laid down, we draw the ordinates MP, OQ, mp, and 
call AP, z, and PM, y. We then have Mr=dx, Or = dy, and 
supposing OM and O m to differ infinitely little from each other, we 
have 

Or 1 ~d(z-\-dx)z=zdz-\- ddz, and mr* = dy-\-ddy; 

since then MO and O m are in a straight line, the triangles Mr O 
and O r' m are similar : and if we suppose, as we are at liberty to do, 
that the arcs MO and O m are equal, these triangles will be also 
equal, and we shall have Mr= Or', and Or=mr / ; that is, 

dz = dz-\-ddz, and dy,= dy-^-ddy, 

therefore 

ddz=0, and ddy =0. 

t These are sometimes called points of contrary flexure. 
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In order, therefore, to determine the simple points of inflexion, 
we must differentiate twice successively the equation of the curve, 
and consider in the second differential equation, d d x = 0, and 
d d y = 0. Now it is evident that, in that case, this second equation 
is the same as if we had differentiated, considering d x and d y con- 
stant. If therefore, from (he first differential equation we deduce the 
value of d% oc d y and substitute it in the second, we shall have an 
equation, which, being divided by dy 2 or d x 2 , will contain only x, 
y and constants, and which, being compared with the equation of the 
curve, will give the values of x and y, which correspond to the sim- 
ple point of inflexion* 

Let us take, as an example, the curve which has for its equation 

2 3 — ft y2- =za z m 

We shall have 3 x 2 dx — 2by dy = 0, 

differentiating again, treating d x and d y as constant, we have 

6xdx 2 — 2bdy 2 = 0; 
the first of these gives 

3x 2 dx 

substituting this value in the second, we have 

18 b x± dx 2 

6xdx2 — s*^-* 80 * 

or 4b y 2 — 3x 3 = 0. 

8x 8 

From this we deduce y 2 = . - , which, being substituted in the 

equation of the curve, gives 

xa — j 2 3 r—a 8 , or x 3 = 4a 3 , 
s 
therefore x = a \/T", 

and consequently 



J 3a 3 I 3 a 



y 

These are the values which determine the point of inflexion. 
Let us take, as a second example, the curve which has for its 

equation y = a -|- (z — a) % 

we have d y = $ (x — a) » d x, 

differentiating anew, considering 4 y and d x as constant, we find 

-A(x-a)~W=^^ = 0; 

(x — ay 
therefore dz=?0; now the first differential equation 

rfy = $(x — a) T dx, 
m becomes 

dy=-k— *ox(x — dfdy = \d%\ 
(x—ay 
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but since d x = 0, we have (x — ay d y = 0, which gives either 

d y = 0, or (x — a) * = ; but as it is not possible that we should 

have, at the same time d x and d y = 0, it follows that (x — a) a = O 
is the true solution, which gives x = a, and consequently y == a. 

70. We may here observe, 1st, that as we find d x =; 0, the tan- 
gent at the point of inflexion of this curve is parallel to the ordi- 
nates. 

2d. If the curve should have several points of inflexion, the final 
equation would give several values of x, that is, it would exceed the 
first degree. This takes place in curves which have a serpentine 
course, as in figure 23. 

71. If we conceive that the two points of inflexion O and O f 
(fig- 23) approach each other continually, and are at last infinitely 
near each other ; then if we represent, as above, the two infinitely 
small arcs OM and O m, and the two other infinitely small arcs O'M! 
and O 1 m', on each side of the points of inflexion O and O', the two 
sides O m and MO' will be, or may be supposed to be, one on the 
other ; and since, at the point of inflexion, MO is in a straight line 
with O m, and MO' with O' m' t there will then be three small con- 
secutive arcs in a straight line. 

This being laid down, let Mm, mm', m'm" (Jig. 24) be these 
three infinitely small arcs. Let fall the ordinates MP, mp, m' tf $ 
m"p" t and draw the lines Mr, mr*, m'r", parallel to AP. Call 
AP, x, and PM } y. We have 

M r= dx t rm =idy, mr 1 = dx -\-ddx, r 1 mf = dy -\-ddy, 

m , r"z=dx-\-ddx-\-d*x > r"m"=zdy-\-ddy + d*y. 

Now the three triangles Mrm t mr* m' t m' r" m" are similar, since the 
sides Mm, m m', m! m" are in a straight line ; if therefore we suppose 
these sides equal, which we are at liberty to do, the triangles will be 
.equal. We shall have then 

dx = dx-\-ddx t dy=dy -\~ddy,dx-\~ddx = dx-\-ddx-\-d*x, 

dy+ddy = dy -\~ddy -\-d* y ; 

that is, 

d d x = 0, d dy = 0, d* x = 0, d* y = 0. 

If, therefore, we differentiate the equation of the curve three times 
successively, considering as variable dx, dy, ddx, ddy, and after- 
wards put for each of the quantities ddx, ddy, d 3 x, d 3 y 9 each of 
the three equations resulting from those differentiations will hold true. 
Now it is evident that they then become the same as if we had differ- 
entiated three times in succession, supposing d x and d y constant. 

By a similar course of reasoning it may be shown that if three 
consecutive points of inflexion come to unite, there will be, at the 
point of union, four elements in a straight line, and it may be proved 
in the same way, that if we differentiate the equation four times in 
succession, supposing d x and d y constant, the four resulting equa- 
tions will hold true ; and so of others. 

Therefore, if, from the first differential equation, we deduce the 
value of d z, and substitute it in all the others, we shall have, after 



} 
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dividing the second by dy 2 , the third by d y 3 , and so forth, so many 
equations, which must hold true conjointly with the proposed equa» 
tion, in order that there may be one, two, three, &c. inflexions 
united. If, therefore, from two of these equations we deduce the 
values of x and y, these values, substituted in the other equations, 
must satisfy them. 

When there are only two inflexions united, the inflexion is invisi- 
ble, it becomes visible when there are three ; in general, the inflex- 
ion is visible or invisible, according as the number of inflexions 
united is odd or even. Therefore if E = 0, represent generally the 
equation of a curve, it will be necessary, in order that there should 
be m points of inflexion united, that, differentiating JE. m -j- I times, 
on the supposition that d x and d y are constant, all the differentials 
d dx, ddy, d z x, d 3 y, &c. to that of the degree m -\- 1, inclusively, 
should be zero ; and the inflexion will be visible or invisible according 
as m is odd or even. 

72. Hitherto the ordinates have been supposed parallel. If they 
issue from a fixed point, the following is the method of determining 
the points of inflexion. Imagining the two infinitely small consecu- 
tive arcs, which, at the point of inflexion, must be in a straight line, 
we draw the ordinates (Jig. 25) CM, Cm, Cm', and describe the 
arcs Mr i mr J , which may be regarded as perpendicular to Cm and 
Cm'. This done, it is easy to see that the angle r 1 mm' differs from 
the angle r Mm by the angle mCr 1 . For we have Cmm' -\-rrn M 
= 180°, or 

Cmr* -\-r J m m' + 9Q° — r M m = 180° ; 

therefore r 1 mm' — r Mm = 90° — Cmr 1 '; 

bnt by the triangle Cr* m right-angled at r / i we have 

90° = Cmr' + mCr'; 

therefore r 1 mm' — r Mm^mCr 1 . 

If we draw the line m n, making the angle m' mn= m Cr'y the 
angle nmr 1 will be equal to m Mr, and consequently the triangle 
tmr / will be similar to the triangle mMr. Galling CM,y, and 
M r, dx, we have 

mr — dy^nr 1 ^ dx-\-ddx, and m 1 r 1 = d y -(- ddy; 

call Mm, ds, m m' will be = ds -f- dds. Describe from the point m 
with a radius = m m', the arc m'n: the sectors Cmr 1 and nmm' 
will be similar, and will give 

Cm'.mr 1 :: m m' : m' n ; 

that is, ' y -\-dy : dx-\-d dx : : d s-\-dds : m' n, 

which, omitting the quantities which may be neglected, gives 

dsdx 
m' n = ; 

y 

but the triangle m! t n, which is similar to t r 1 m, will be so likewise 
to m r M; we have, therefore, M r : Mm : : m'n : ml t; that is, 

dsdx d s 2 

dxids:: : mf t = 



y 

ds 2 
therefore r'taady -\-d dy — 



V 
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Now the similar triangles Mr m and m r 4 1 give 

M r \ r m \ : m r 1 : r* t f 

d j* 
or dxidy: :dx-\-ddz:dy-\-ddy ; 

therefore 

d x d s^ 
dxdy-\~ dxddy tsadxdy-\»dy ddx t 

'111 i » t d x ^ 5 * /* 
or ax a ay — dyddx ==0; 

V 
this is the formula for finding the simple points of inflexion, when 

the ordinates issue from a fixed point; it becomes that for the paral- 
lel ordinates, when we suppose the point C at an infinite distance, 

d x d s^ 
and d x and d y constant ; for then the term must be reject- 

y 

ed, as y is infinite. In the application of this formula, it will always 
be more simple to suppose d x constant, which reduces it to 

u ds * 
ddy= ; 

y 

and care must be taken to treat d x as constant in the differentiation 
pf the equation of the curve : but as the lines d x are arcs described 
with a variable radius, while, if the ordinates issue from a fixed point, 
they are referred to arcs described with a constant radius CO, as has 
been observed (39), we must be careful to substitute for d x its value, 
which will always be easily found, by observing that the sectors CSs 
and CMr are similar. It is not necessary to give the formulas for 
the other points of inflexion, on the same supposition, although it 
would not be difficult. 



Observations on the Maxima and Minima. 

m 

73. Let F be a function of one or more variables, and let it be 
susceptible of a maximum or minimum. If we imagine it to repre- 
sent the ordinate or abscissa x of a curve, that is, if we suppose i^rP, 
it follows from what has been said on the subject of the points of 
inflexion, that if it be true that d F or d x becomes zero, whenever 
there is a maximum or a minimum, the converse is not always true ; 
for we have seen a case (69) where d x was found = at the point 
of inflexion, that is, the tangent became parallel to the ordinates ; 
but it is evident that neither the ordinate nor the abscissa is then 
either a maximum or minimum. What then must be done to ascer- 
tain the existence of a maximum or minimum ? We must differen- 
tiate the quantity several times in succession, considering the first 
differentials of each variable as constant ; and, if the values which 
the variables have at the point of the maximum or minimum sought, 
cause d F, and d d F to disappear, but not d* F t there is no maxi- 
mum in the curve which has for its equation x = F; but there is a 
visible point of inflexion ; so that the quantity F has no maximum or 
minimum. But if d 3 F disappears, and not d+ F, there will be a 
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maximum or minimum. In general, there will be a maximum or 
minimum, if the last differential made to disappear is of a degree 
marked by an odd number. 

Of Cusps of different species, and of the different sorts of contact 

of the branches of the same curve. 

74. When two branches of a curve come in contact, they may 
either have their convexities opposed to each other, as in figure 26, or 
have their concavities opposed, and thus one embrace the other, as in 
figure 27, and in both cases it may cither happen that they continue 
their course on each side of the point of contact, or that they stop 
suddenly at that point, as we see in figures 28 and 29. In this last 
case, the point of contact is called a cusp ; that represented in fig- 
ure 28 is called a simple cusp or cusp of the first species ; that in 
figure 29 is called a beaked cusp or cusp of the second species. If 
more than two branches unite, their different varieties may be found 
at once at the same point, and there may also be found an infinite 
number of others ; for example, the branches may, at the point of 
contact, undergo one or* more inflexions. It may happen that an 
inflexion and a cusp occur united, so as to seem to form only a single 
cusp. In figure 30, if the branch EBD, which forms at E, with 
the branch EC, a cusp of the first species, had a point of inflexion 
at B, and if the point of inflexion B should be infinitely near the 
point E, we should only be presented with the appearance of a cusp 
of the second species. These varieties may be infinite, especially if 
we consider that several branches may touch at once. We shall not 
undertake to give the character of each ; we shall only observe, that 
whenever several branches of a curve touch each other, it may be 
ascertained by the following facts. 1st. This point being multiple 
must have the conditions enumerated in art. 63. 2d. The equation 
which serves to determine the tangents of the multiple points, must 
then have as many equal roots as there are branches which touch, 
since there must be so many tangents united. Thus, for cusps of the 
first species, there ought to be the conditions common to double points, 

d x 
and the equation which gives the tangents thereof, or which gives -?~ , 

ought to have two equal roots. As the consideration of these points 
is not sufficiently useful to engage us in the details which their in- 
vestigation would require, the subject will be no farther pursued. 



On the Radii of Curvature and the development or evolute. 

75. If upon each of the points M, m, m', &c. of any curve line 
{fig. 31), we conceive the perpendiculars MN f m n, nt'n', &c. to be 
raised ; the consecutive intersections N, it, n', will form a curve line, 
to which has been given the name of evolute, because if we consider 
it as enveloped by a thread ABN, which touches it in its origin B t 
then, upon unwinding the thread, the extremity A traces the curve AIT. 
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In fact, in the development of N n, for example, considering iVn as 
a small straight line, the thread MNn describes, about the point n, 
as a centre, the arc M m, to which it is necessarily perpendicular, 
since the radius of a circle is perpendicular to its circumference. 

76. The curve* AM being given, if we wish, for any point M, to 
determine the value of M n, which is called the radius of curvature, 
we observe that M n is determined by the concourse of two perpen- 
diculars infinitely near each other, JtfiVand mn. We therefore im- 
agine (jig. 32) two consecutive arcs Mm,mm', infinitely near, and 
differing infinitely little from each other, which may be considered as 
two straight lines ; we also imagine MN perpendicular to Mm at 
M y and m N perpendicular to m ml at m. Then, in the triangle 
NMm, right-angled at M, we shall have 

1 : sin MN m : : m N or MN : Mm, 

or, because the angle MNm is infinitely small, 

1 : MNm : : MN : Mm: therefore MN=- -^^ — ; 

MNm 

but, if we produce Mm, we have Nm «= NMm -j- MNm ; be- 
cause Nmu=zNmm'-\-m' mu = NM m + MN m, and taking 
away Nmm' = NMm, there remains m'mu^=MNm; therefore 

m M 

MN = — . 

to' m u 

If we draw Mr and mr' parallel to AP, it is easy to see that the 
angle umr' being equal to m Mr, the angle umm' is the quantity by 
which the angle m Mr is diminished, or the differential of the angle 
m Mr, which must be taken negatively here, where the curve is con- 
cave, and where it is convex, must have the sign plus ; we have 

therefore MN = —rr, — => — — . We have therefore to find the ex- 

zpd(r M m) 

pression for d (rMm). Now the tangent of r M m = —., and 

TUT dX 

cos rMm = -=-, 
as 

d s designating the arc Mm; but we have seen (23), that % being 
any arc, we had dz= cosz 2 d (tang z) ; therefore 

*«"->-s-'(S:)= 

whence, 

> 

ds ds 3 

ds 2 

This is the formula for finding the radius of curvature when the ordi- 
nates are parallel. 

77. If the ordinates are supposed to issue from a fixed point 
(fig. 33), we have, as above, and for the same reasons, 

*ar =-£=-, 

m'mu 
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but m'mu is no longer = =p d(rMm), but the value of this angle is 

found as follows. 

Describing the arcs Mr t m r' t we have 

m' mu = r'mu — r 1 mm 1 ; 

but it was shown (72) that r' m u differs from r Mm by the angular 
quantity m Cr 1 or MCr, for the two last quantities differ from each 
other only by a quantity infinitely small compared with them; there- 
fore r 1 m u = MC r -+- r Mm ; therefore, since 

m'mu =2^ mu — r' mm 1 , 
we have 

m'mu = MC r-\-r Mm — r'mm' = MC r — d (r Mm). 
Now, calling Mr, d x, we have 

' I : sin MCr or : MCr : : CM: Mr; 

dx 
that is, 1 : MCr : : y : d x; therefore MCr = — , and since 

dx dx 2 . fdy\ 
we have m'mu= -j-- ol--l; 

and if the curve were convex, we should find, in like manner, 

m <tnu- dx -L dx2 jt d *\. 

mmu -J + -d7* d \dz)' 

therefore 

ds yds* 



MN = 



dx dx* 



<(&) '-*■=«=»'-*(&) 



78. To give an application of these formulas, let us suppose that 
the curve AM {Jig. 32) is a circle, having for its equation 

y 2 = 2 ax — x 2 , 

we shall have y = \/2 ax—x2 ; therefore 

adx — xdx 
dy=—pz , 

and consequently, 

a dx * 

ds=\/dx2+dy2 = . = ; (29) 

, rfy a — x , . , idy\ — a 2 dx 
and -p = . — ; therefore a I -r^ I = r ; 

the formula which belongs to the present case, in which the curve is 

ds 8 
concave and the ordinates parallel, is 7d~~\' 

which is changed into 
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a 3 dx* 



\2ax — z*)* 



= a 



a 2 dx* 

\2ax — x*) 

that is, the radius of curvature is always of the same magnitude and 
equal to the radius of the circle; so that the evolute is reduced to a 
point, which is the centre ; and this agrees with what we know of 
the circle. 

Let us take L as a second example, the parabola which has for its 

equation y 2 = a z, or y = ^alc=cr x , we shall have 
therefore 



ds = Vd x 2 +dy 2 = Vdx 2 + { a z-* dx 2 =dx \l + -£ 
therefore . d I ~ 1 3= — £ ax dx; 



the formula 



becomes then 



- '«■'(£) 



ix^dx^(Ax + a)^ = i^x + a)i = 4x + a U x + a 

dx 2 Xia^x"^dx a& 2 S « ' 

79. The radii of curvature serve to measure the curvature of a 
curve at each point. Since, in the development of the element n nf 
of the curve BN (Jig. 31), the thread traces the small arc m m', this 
arc has the same curvature as the circle which has for its radius the 
line m it. Thus when we have the expression for the radius of cur- 
vature, we know, for each point, the radius of the circle which has 
the same curvature as the curve has at that point. And as the cur- 
vature of a circle is greater in proportion as its radius is less, that 
is, as* the curvatures of circles are in the inverse ratio of their radii, 
it will be easy to compare the curvature of a curve at any point with 
the curvature of the same or another curve at another point. Thus, 
if we wish to compare the curvature of the parabola at its origin, 
with that of the same curve when the ordinate passes through the 
focus, we observe that at the origin x = 0, and that the abscissa 
corresponding to the focus is \ a (Ap. 172). Putting therefore, 
successively, for the expression of the radius of curvature, x = 0, and 
x = £ a, we have £ a, and a \flT ; the radius of curvature is there- 
fore £ a at the origin, and a \Z1T at the extremity of the ordinate 
which passes through the focus. Therefore the curvature at the first 
of these points is to the curvature at the second, as 

a \AT : £ a, or : : 2 \flT : 1. 
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Since the radius of curvature MN is nothing but the thread which 
is supposed to have enveloped or been wrapped about the curve BN t 
it follows that it is equal in length to the arc BN, plus the part AB 9 
by which the thread exceeded the curve when the development be- 
gan, that is, plus the radius of curvature at the origin A. Therefore 
the curve BN is rectifiable, that is, we may assign the length of each 
of its arcs BN. 



Remark. 

80. The points of inflexion were determined on the supposition 
(69) that the two elements of the curve, near the point of inflexion, 
were in a straight line. From this supposition it seems to follow, 
that at the point of inflexion the radius of curvature must always be 
infinite, because the two perpendiculars upon the two consecutive 
sides must be parallel. There are, nevertheless, several curves 
which, at ihe point of inflexion, have the radius of curvature equal 
to zero-; the parabola, for example, which has for its equation 

y = z&. 

But it must be observed that nothing in the supposition that was 
made, determines of what magnitude those two consecutive elements 
are. Now if they be each reduced to a point, they will be never- 
theless in the same straight line, and the two perpendiculars falling 
one on the other, will meet at the very point from which they issue. 
And this is what happens in those curves where the radius of curva- 
ture is zero at the point of inflexion. For the curvature then being 
infinite, the two consecutive elements are each confounded with the 
tangent infinitely less than in any other case, and must consequently 
be considered as two points united. The two elements may therefore 
be in a straight line, without the radius of curvature being infinite ; 
but we see from this, that the radius of curvature is, at the point of 
inflexion, either infinite or nothing. 
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Explanations. 

81. The method known by the name of the Integral Calculus 
is the reverse of the Differential Calculus. Its object is to ascend 
from differential quantities to the functions from which they are 
derived. 

There is no variable quantity expressed algebraically of which 
the differential may not be found ; but there are many differential 
quantities f which cannot be integrated ; some, indeed, because 
they could not have resulted from any differentiation ; such as 
the quantities xdy,xdy — xdy 9 &c, others, because means 
have not yet been discovered of integrating them, and among 
these last are some of which we may despair of ever finding the 
integral. 

As, however, great use may be made of those which we know 
how to integrate, we shall endeavour to show the methods, and 
shall afterwards show what is to be done with reference to those 
which refuse to be integrated. We shall begin by explaining cer- 
tain modes of expression which will hereafter be used. 

We call a function of one or more quantities, any expression, into 
which those quantities enter in any way whatever, whether mixed 
or not with other quantities which are considered as having 
determinate and. invariable values, while the quantities of the 
function may have all possible values. Thus, in a function, we 
consider only the quantities which are supposed variable, without 
any regard to the constants which may occur in it. For example, 

x, a -\- bx 2 , y^aar»+«p, &c. are functions of x. 



t By Differential quantity is meant here, not only such as results 
from a differentiation, but in general, every quantity affected by the 
differentials dz, d y> &c. of one or more variables. 
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By algebraical quantities are meant those, of which the exact 
value may be assigned, by executing a determinate number of 
algebraical or arithmetical operations, other than those which 
depend on logarithms. On the contrary, we call non-algebraical 
or transcendental, those quantities, for which we can assign only 
proximate values, or values by means of approximations; loga- 
rithms are of this kind, and an infinite number of others. 

To indicate the integral of a differential, the letter J is written 
before this quantity ; this letter is equivalent to the words sum of, 
because, to integrate, or take the integral, is nothing but to sum up 
all the infinitely small increments which the quantity must have 
received, to arrive at a determinate, finite state.* 

Of the Differentials with a single variable, which have an alge- 
braical integral ; and first, of simple differentials. 

82. Fundamental rule. To integrate a simple differential, we 
must, 1st, increase the exponent of the variable by unity ; 2d, di- 
vide by this exponent thus increased, and by the differential of the 
variable ; that is, divide by this new exponent multiplied by the 
differential of the variable. 

The reason of this rule is evident from the principle of differen- 
tiation (10). As the object is to find the quantity which must have 
been differentiated, it is evident, that we must make use of opera- 
tions the reverse of those employed for differentiating a quantity. 
This is made more clear by examples of the application of the 
rule. 

2xdx = l 2x 1 dx = /,,,>, =g g ; 

x 2 dx x 2 

X a X ~tc 5 — rr • 

2dx 2 
We see, now,, that d (x 2 ) is actually 2 x d x ; and 

(t)" 

In like manner, 

/£ , az$ + l dz ax% _ 4 

a X s d x = — — — — - = — - = 3 a x * . 
(i + l)dz * * 



7 # ■" m AX u X 7 

oi-l= — - — =x ax. 



w » 



* In reading, it is convenient to call^ , the integral. Thus / %xd z 
is read, the integral of 2 x d x. 
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*adx C o * ax—z+idz ax—* a 

JL. 



= / ax~ J dx= -, — 



In general, m being an exponent, positive, negative, integer, or 

fractional, we have 

ax m + l dx axn+i 



/ 



a x™ dx = 



(m + l)dx m+V 

We have no need of this rule to find the integral of d x or 
a d x, which, we see at once, must be x for the first and a x for 
the second. But, if we wish to apply the rule to them, we ob- 
serve that the exponent of x in these differentials is zero, and 
that they are the same thing as x° d x and a x° d x, of which the 

z°+ l dz ax Q '^ 1 dx 

integral, agreeably to the rule, is _ , , v _ and ,_ . <v _ — , or x 

and a x. 

There is only one case which eludes this fundamental rule ; it 
is that in which the exponent m has the value — 1 ; for then the 

ft i j r • l-\- 1 ft 3^0 ft 

integral becomes — ■ . = — r- == - , a quahtity unassignable 

because infinite; for, if we conceive the denominator, instead of 
being zero, to be an infinitely small quantity, it must evidently be 
contained an infinite number of times in the finite quantity a, and 
consequently the fraction must be infinite. We shall explain, 
hereafter, the reason why the calculus gives in this case an infinite 
quantity ; meanwhile we observe that the proposed differential, 

ax™ dx, which in this case is axr l dx. or , is the differen- 
ce ' 

tial of a logarithm. It is the differential of a I x or of I x* , as 

may be easily seen by differentiating (26). 

If there were a radical in the simple differential, we should 

substitute, for the radical, a fractional exponent. Thus, 

*. J a d x \/x 2 = / a X s d x = $ a x . 

Remark. 

83. We have seen, that when, in the quantities to be differen- 
tiated, there occur terms wholly constant, these terms do not 
appear in the differential. When, therefore, we go back to the 
integral, we must take care to add a constant quantity to the. result 
of the integration. This quantity will always have an indetermi- 
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nate value, as we have no other object than to find the integral, 
that is, to find a quantity, such that, by differentiating it, we repro- 
duce the differential proposed ; indeed, 

a 2*1+1 ax m + l t ~ 

— -, and — 4- C, 

ro-j-l m-f-1 » 

C being any constant quantity, have equally for their differential 

the quantity ax™ d x, whatever value is given to C But when 

the integration is performed with a view of satisfying a given 

question, then this constant quantity has a value, determined by 

the state of the question. This will be shown hereafter ; but, in 

future, care will be taken to add a constant quantity to the result 

of each integration ; and that it may be known as such, it will be 

always designated by the letter C. 

Of Complex Differentials whose integration depends on the 

fundamental rule. 

84. 1st. We may integrate by the preceding rule, any quantity, 
in which there occur no powers of complex quantities, and no 
complex divisors, except such as are constant quantities. 

Thus the entire integral of 

b x 2 d x 

ax 3 dx~\ \- e dx 9 

c 

being the sum of the integrals of each of the terms, will be 

In like manner, 

J(ax*dx-\ -~\ = j (ax*dx-\-bx d x) 

ax* bx— 3 ~ ax* b . n 

- — + —3+ c= — -3-*! + °- 

85. 2d. Even should there occur powers of complex quantities, 
they may still be integrated by the fundamental rule, provided 
they be not found in the denominator, and provided, also, their 
exponent be a positive whole number. For example, (a -f- 6 a; 2 ) 3 
d x may be integrated by the preceding rule, by actually raising 
a-jrbx 2 to the third power, which would give, (Algebra, 141), 
a a 4* 3 a 2 b x 2 + 3 a b 2 x* -J- 6 3 a? 6 , and consequently 
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J(c^bx 2 ydx=j{a 3 dx+3a 2 bx 2 dx^ab 2 x*dx+b*x*dx} 

—J a 9 dx+J3 a 2 bx 2 dx+J3ab* a? 4 dx +j*b 3 x«dx 
, . 3a 2 bx 3 . 3ab 2 x* . b 3 x* , ~ 

= ° 3 * + — 3— + -5— + — +<?• 

86. As there is no complex quantity raised to a power indicated 
by a positive whole number, which may not, by the preceding 
rule (Alg. 141), be thus reduced to a finite series of simple 
quantities, we may always integrate any complex quantity which 
does not contain any other complex parts than powers whose ex- 
ponent is a positive whole number. Thus, if we had to integrate 

gx 3 dx(a + bx 2 ) 2 + a 2 x 7 dx(c + ex 2 -f /a:*)*, 
we should develope, by the rule already cited, the value of 
(a 4- b a? 2 ) 2 , and multiply each term of the result by g x 3 d x ; we 
should in like manner develope the value of (c -f- e x 2 +/ff 3 )S 
and multiply each term of the result by a 2 a? 7 d x ; we should 
then have only to integrate a series of simple quantities, by the 
fundamental rule. 

87. We must however except the case, in which, some one of 
the exponents being negative, it should happen, after the develop- 
ment and multiplication, that the exponent of the variable in 
some of the terms became = — 1 ; but we should then integrate 
by logarithms. For example, if we had 

^^ (a + 6a? 2 ) 2 , or ax~ 3 dx (a + bx 2 ) 2 ; 

we should change it into 

ax~ 3 dx (a 2 + 2 a bx^ + b 2 a*), 
which becomes 

a 3 xr 3 da?-j-2a 2 bx* 1 dx-\-ab 2 xdx, 
of which the two terms a 3 x~ 3 dx and ab 2 xdx have, for their 

— a 3 x~~ 2 ab 2 x 2 
integral, 5 1 ~ — ; but the term 2 a 2 bx- 1 dx, which 

d x 
is the same as 2 a 2 b — , is (27) the logarithmic differential of 

2 a 2 b lx; so that 

Tax- 3 dx(a + bx 2 )»=—'^- + 2 a* b log. x+ ^ifi. 

•^ At At 

88. 3d. If the differential quantity proposed even contains a 
complex quantity, raised to any power (whether its exponent be 
positive or negative, whole or fractional), we may still integrate, 
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if the whole of die terms multiplied by this complex quantity, 
taken together, be the differential of the complex quantity con- 
sidered without its total exponent; or if it be this differential 
multiplied or divided by a constant number. We have only, in 
that case, to consider the complex quantity in question as a single 
variable, and apply, word for word, the fundamental rule. For 
example, g d x (a + b xy falls under this case, because g d x is 

the differential of a + b x, multiplied by ^, which is a constant 

quantity ; so that, to integrate it, we write 

/t / i z \« gd x(a-\-b%Y+ l , ~ 
gdx(a+bxy = f — t-Wtt — rrr + c 
5 \ ■ / (p-\-l)d(a-\-bx) ' 

^ gdzja + bxy+i c g( a+bz)r +i 

(p+l)bdx "1" {p+l)b "*" " 

For, if we differentiate this quantity, we find again 

g d x (a -f- b xy . 
In like manner, if we examine the differential 

a 2 dx-\-2axdx /oJ lrt j \ / • «\-4 
~ — =(a 2 d x + 2 a x d x) (a x + x 2 ) * 

we shall find that it is integrable, because a 2 dx-\-2a x d xis 
the differential of a x + x 2 , multiplied by a constant quantity a. 
By applying the rule, therefore, we have 

[a 2 dx-\-2axdx) (ax + x 2 ) 

= (a 2 dz + 2axdz){ax+z 2 )* C =Zaiax + x 2 f + C. 
}(adx + 2xdx) ^ l r j T 

The only case to be excepted is that, in which the exponent of 
the complex quantity should be — 1 ; when we should integrate 
by logarithms, as will be seen hereafter. 

Of Binomial Differentials which may be integrated algebraically. 

89. We understand by a binomial differential, one in which the 
complex quantity, however complex, is some power of a binomial. 

Thusgx 6 d x{a-\-bx 2 y is a binomial differential. The same 
may be said of g xPdx {a + b a? w ) p , which may represent any 
binomial differential, because, by g, a, 6, m, n, p, we understand 
any imaginable numbers, whether positive or negative* 



/<■ 
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There are no means of integrating generally every binomial 
differential. But it is apparent, from what has already been said, 
that we can integrate a binomial differential gaf*dx(a-\-ba?Y, 
in the two following cases. 

-1st. When p is any positive whole number, whatever may be the 
exponents m and n (85), with the exception of the case mentioned 
in art. 87. 

2d. When m, the exponent of x "out of the binomial, is less by 
unity than n, the exponent of x in the binomial ; that is, we may 
integrate generally, g a? w "~ * d x (a + b x* y , whatever value n and 
p may have, except the case in which p = — 1. In fact, g&~~ l dx 

is the differential of a + boc" , multiplied by •—, that is, by a con- 
stant quantity ; we fall then upon the case mentioned in art. 88 ; 
and may consequently integrate by the general rule, considering 
a -f- b # w as a single quantity. 

Besides these cases there are two others, which may be c6m- 
prehended in one, and which include the preceding ; they are the 
following. 

90. 1st. We may integrate any binomial differential, in which 
the exponent of x out of the binomial, being increased by unity, 
may be exactly divided by the exponent of x in the binomial, and 
give for a quotient a positive whole number. The process to be 
followed in this case, to integrate, and also to show that the prin- 
ciple is general, consists in making the binomial quantity, without 
its total exponent, equal to a single variable, and expressing, the 
proposed differential by means of this single variable and constants ; 
which may always be done by proceeding as in the following ex- 
amples. 

Let it first be proposed to integrate g x 3 d x (a-\-b x 2 y. We 
see that this differential may be integrated, because the exponent 
of x out of the binomial, viz. 3, being increased by unity, gives 
4, which, divided by 2, the exponent of x in the binomial, gives 
for a quotient the positive whole number 2. 

We make, therefore, a -f- b x 2 = z. From this equation we 

z*~~— a 
deduce the value of x 2 , which is x 2 = —7— . We observe 

that a? 3 d x, which precedes the binomial quantity, results, except- 
ing its constant multiplier, from the differentiation of x\, the square 
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' 2 — a 

of x 2 ; we therefore square the equation x 2 = — r — , and find 

# 4 = I — j~- 1 ; differentiating, we have 

and consequently 

„j /z — aWz (z — a)dz 

a? 3 ax = I 1 — = - '- — . 

\ 6 /26 262 

Substituting for x* d x and (o + b # 2 )> their values in terms of z> 
in the expression g x 3 d x (a + b x 2 ) T , we find 

g.( z —a)dz y i_ gs* ' dzgaz^dz 
2 b 2 ~ 2 b 2 2 62 * 

Then 

(* + 8)a6» (t + i^i"" 1 ' 
= £^±!/U M + c 

2* a U + 9 t+1/^ 

gs* + 1 / 5 5 \ . n 

=* 26* V"i4 2: -9 a ; + L; 
substituting then for 2, its value o + ia; 2 , we have 

/^MxH-Jx^J^a+J**)** 1 { iL(«+6 **)_*« }+C. 

91. We proceed in a similar manner in every other case sub- 
ject to the same conditions. Let us take, for example, 

g x 9 d x (a -f- i # 3 ) > 
which must be integrable, since the exponent 8 increased by 1, 
that is, 9, being divided by 3, the exponent of x in the binomial, 
gives a positive whole number. We therefore make a + 6 a? 3 = z ; 

and find x 3 = — - — ., and as x 9 d x, which precedes the binomial, 

is, excepting its constant factor, the differential of #*, in order to 

have x 9 we cube the equation a? 3 = — jr — ; and have x 9 =1 — - 1 ; 

then differentiating in order to obtain x 9 d x 7 we have 

11 
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and, consequently, 

X 9 d X = I I . — = . 

\ 6 / 36 

The differential g x 8 d x (a -f-6a? 3 ) * will be therefore changed 
\ntog.l^?\ -gl-* *=, by expanding 

(z — a\ 2 g J*~%dz Zgaz 1 ~% dz ga*z~$dz 
~b") ' 36^ 363 I" 363 * 

of which the integral is 

gz S — * 2gqs 2 -* + go 2 ^ , g 



363 ( 8 _ w 363(2 — $) ' 363(1 — f) 
which, separating the common multiplier ^-v- z , is reduced to 



3 63 






. gr 1 — $ / 3 z 2 6 a z 
= 3^3" * ~ 



363 

(3z 2 6az , _ „ \ . ^ 

qr finally, substituting for z its value a-\-bx 3 9 we find 

Jgx 8 dx(a + bx*)~* 

=fb* ( a + J * 3 ) 1_f ^ ^ (*+** 3 ) 2 - 1 (*+■* * 3 ) a+3 a 2 £ + C. 

Such is the method to be pursued whenever the exponent of x 
out of the binomial, being increased by unity, and divided by the 
exponent of x in the binomial, will give as quotient a positive 
whole number. 

92. 2d. Although a binomial differential quantity may not fall 
under the case of which we have just been speaking, it often hap- 
pens that it may be reduced to it by means of a very simple 
artifice, which consists in rendering negative the exponent of x in 
the binomial, when ic is positive, and rendering it positive when it 
is negative. In order to this, we must divide the two terms of the 
binomial by the power of x in the binomial, and multiply the 
quantity out of the binomial by this same power of x raised to the 
power indicated by the total exponent of the binomial. For ex- 
ample, in order to render negative the exponent 2 of x } in the 
binomial g x* d x (a + 6 a? 2 ) 5 , 
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we divide a -}- b x 2 by a? 2 , which gives gx* d x i— -\-b \ , or 

g x* dx (axr 2 -f- &) 5 ; but as the quantity x 2 , by which we have 
divided, is considered as raised to the fifth power, since it is under 
the total exponent 5 of the binomial, we must, in compensation, 
multiply the quantity out of the binomial by (a? 2 ) 5 , that is, by a? 10 , 
which f givesg" a? 14 d x (a or 2 +6) 5 . v 

By this preparation,* many binomial differentials which would 
not otherwise be comprehended in the preceding case, will be re- 
duced to it. For example, if it were required to integrate 

a * dx - = a 2 dx(a 2 +x 2 )~*; 



(a 2 +% 2 )% 

we perceive that the exponent of x out of the binomial, that is 
to say, 0, being increased by 1, which makes it 1, cannot be ex- 
actly divided by 2, the exponent of a? in the binomial ; but we must 
not thence conclude that the proposed quantity is not integrable ; 
for, if we render negative the power of x in the binomial, by 

_ 3 —2 _ 3 

writing a 2 (x 2 ) * d x (a 2 x + 1) 2 , which is reduced to 

a 2 or * d x (a 2 or 2 + If*, 
we see that — 3 increased by 1, that is, — 3 + 1 Qr — % being 
divided by — 2, the exponent of x in the binomial, gives as a 
quotient a positive whole number; we suppose, therefore, 

z — 1 



a 2 or 2 + 1 zzz z 9 whence x~ 2 = 



a* 



and as x~ z dx is, excepting that it wants a constant multiplier, the 
differential of x~ 2 9 we differentiate, which gives 

a 2 ' 
whence we deduce xr 3 d x = — - — . The differential 

a 2 x~ 3 dx (a 2 x~ 2 -f- l)~* f 
is therefore changed into 

— a 2 dz -£ — z~%dz 
2a 2 •* ° f 2 ' 
of Which the integral is 

or, substituting for z its value 
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f, 



« 2 <** „(a»«-» + l)-*+C 



( a 2 +X 2 )^ 

1 + c=— -L=- + c. 



\Z« 2 * 2 + 1 y^a2+ar2 

Thus the process for integrating is the same in this case as in 
the preceding. 

93. We have supposed hitherto that the power of x was found 
in only one of the terms of the binomial. If it should occur in 
each, we should reduce the quantity to a form in which it would 
appear in only one of the terms, by dividing the binomial by one 
of the two powers of x occurring in its terms, and multiplying the 
quantity without the binomial by the same power raised to the 
power indicated by the exponent of the binomial ; and that for the 
reason just given (92), for rendering the exponent negative. Thus, 
if it were proposed to integrate 



a 2 dx 



= a 2 or l d x (a a?+ x 2 )~%, 



X ^ ax+x2 

we should change it into a 2 a?-* (xj*dx (a + x) ""*, by dividing 
the binomial by x, and multiplying the quantity without by x rais- 
ed to the power — £, which is that of the binomial. This quan- 

tity is reduced to a 2 x * d x (a + a?) * . If we should apply to 
it the rule of the first case (90), we should not find it integrable, 
but by rendering negative the exponent of x in the binomial, we 
have 

a 2 x" 2 (#) dx(ax -|- 1 )""*, or a 2 x d x (ax + 1) *, 
which (92) is integrable. Making, therefore, a ar* 1 + 1 = z 9 we 

have x~ l = ; differentiating, we have 

„ , dz , — dz 

— xr 2 dx= — , or or 2 dx~ ; 

a a 

therefore 

a 2 <xr 2 dx(ax~ l -\-\ ) * =—adz. z~* = — a af* d z f 

i 

~ d Z 1 

of which the integral is — j ^ C, or — 2 a zt -\- C, or, restoring 

a 

the value of z, 
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= -2«J-f +1 + C. 

If, upon the examination of a binomial differential, it is found 
to be comprehended in neither of the two cases above mentioned, 
it is useless to expect an integral purely algebraical. 

As to polynomial differentials, that is, those in which the com- . 
plex quantity contains three or more terms, they are integrable in 
the cases mentioned in art. 85, fyc. There are also some other 
cases in which they admit an algebraic integral, but they are very 
few and rarely occur. We shall not, therefore, occupy ourselves 
with thern at present. 

We shall hereafter show the method of discovering those which 
are integrable, and those whose integral may be referred to a 
given integral. 

Application of the preceding rules to the quadrature of curves. 

94. In .order to find the area or quadrature of curved lines, we 
consider these lines as polygons of an infinite number of sides ; and 
from the extremities Mand m of each, side (Jig. 34), we imagine 
the perpendiculars MP, m p, let fall upon the axis of the abscissas, 
dividing the surface into an infinite number of infinitely small tra- 
pezia. Then we consider each trapezium, as PpmM, as the 
differential of the finite space APM; because in fact P p m M 
z=Apm—APM=(Jt(APM) (6). It is therefore only re- 
quired to express algebraically the little trapezium PpmM, and 
then integrate this expression by means of the preceding rules. 

But, in considering P p m Mas the differential of the surface, it 
'must be observed, that it is no more the differential of the surface 
reckoned from A, the origin df the abscissas, than it is the differen- 
tial of any other surface KPML reckoned from a fixed and deter- 
minate point K; since we have equally 

PpmM=KpmL — KPML = d(KPML). 
When we integrate, therefore, we have no right to refer the integral 
given directly by the calculus to the space APM, rather than to 
any other space KPLM, which differs from it by a determinate 
and constant space KAL. We must therefore add to the integral 



( 
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found by the calculus,' a constant quantity expressing that by which 
the space proposed to be determined differs from that given directly 
by the calculus. It will be seen in the following examples, how 
this constant quantity is determined. Let us, in the first place, find 
the expression for the space P p mM. 

Calling AP 9 x ; PM, y ; we have P p = d x,p m = y -f-dy. 
The surface of the trapezium P p m M is {Geo. 178) 

But to indicate that d y and d x are infinitely small, we must re- 

d tt d i 

ject — z— — , which is infinitely small, compared with y d x; we 

have therefore y d x as the general expression of the differential of 
the element of the surface of any curve. 

In order to apply this formula to a proposed surface, whose 
equation is given, we must deduce from this equation the value of 
y, which we substitute in the formula y d x, we then have a quan- 
tity in terms of x and d x } which, when it can be integrated by 
the preceding rules, will give, with the addition of a constant quan- 
tity, the expression of the surface of this curve, reckoned from 
any point we please. We have then only to determine the con- 
stant quantity, which is done by expressing from what point we 
choose to estimate the surface. We shall now illustrate this theory 
by examples. 

Let us take, for the first example, the common parabola, 

which has for its equation y 2 =p x. We have y = y'p* =p* x* ; 
therefore y d x =p& x* d x. 

But (83) /•/ x i dx = p *** + C=$p$ x* + C; 

this last expression then is that of the surface of the parabola ; so 
that, knowing the abscissa x 9 and the parameter p, we shall have 
the value of tlje space APM; or, of the space KPLM estimated 
from a determinate point K , if the constant C be determinate, that 
is, if this integral express actually from what point we estimate. 

Suppose, then, that we wish to estimate the space from the point 
A ; in that case we have 

' APM=%p*x*+ a 



Quadrature of Curves. 87* 

In order to know what becomes of the constant on this hypothe- 
sis, we observe, that when x becomes 0, the space APM is also 
zero; in that case, the equation is reduced to = + C; where- 
fore C= 0; in order then that the integral may express the space 
estimated from the point A, the constant C must be zero ; that is, 
we have no constant to add, and we have, generally, the indefinite 

space APM = %pi a*. 

But if we wished to estimate the space from the point K 9 such 
that AK= by (b being a known quantity); we should have 

KPLM= f>* J + C ; 
now this space KPLM becomes zero, when AP or x = b ; we 

have therefore, in that case, = \ pi 6* + C; therefore 

and consequently 

KPLM= fpM — *i>* 8*. 
We thus see what purpose is served by the constant, which is 
added in integrating, and that the conditions of the equation alone 
can determine it* 

13 A i X. 1 

We observe that %p* a? 7 = %p* x* X x\. butjr X s = y ; 

therefore $ pi x?, or § pi x i x x = § y x ; since therefore 

$ p? x* expresses the space APM, this space will also have for 
its expression § x y, that is, £ -4P X PJIf, or f of the rectangle 
APMO, whatever AP may be. 
In like manner 

2 pi $ = 2 p i bi xb; 
but, when x = AK = 6, the equation y 2 ±=p x gives y 2 =p 4, 

and consequently y = jp* ji . that is, 2CL == jp" 6* • therefore 
$ pi $ or § jp* bi X b — § KL X AK\ therefore since the 

space KPLM is represented by § pi X s — § pi b* } it will 
have also for its expression § AP X PM — § AK X KL, that is, 
%APMO — %AKLL 

The parabola is the only one of the four conic sections suscepti- 
ble of being squared. 
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Let us take, as a second example, parabolas of all kinds, whose 
general equation (29) is y*+ n = a m & ; 
we have therefore 

m it 

then 



y d x = a"»+ * at* + " d x ; 
and 



n +i 



/..a~ a»+» <r™+» m+n _?_ JL_.i 



Wl-J-W 



+ 1 



= m + » a? a m + n x m + n + C= m + n xy+ C. 

So that if we wish to estimate the space APM from A, the origin 
of the abscisses x (Jig. 35), which requires the integral to be zero 
when APM is zero, and when consequently x is zero, then the 
constant C is zero, and we have simply 

APM=?l±£-xy; 

ro + 2n y 
that is, the space APM is always a determinate portion of the 
product x y or of the rectangle APMO } it is that portion of it 

expressed by the fraction — ~- — , the value of which depends on 
r J m -f- 2 n r 

the values of m and n : that is, on the degree of the parabola. Thift 

all parabolas are susceptible of being squared. 

» 

— j~*~ It will also be found that all the hyperbolas referred to their 
asymptotes, (except the common hyperbola,) are susceptible of being 
squared. But as, in the determination of the constant, we sometimes 
find an indefinite quantity, it may not be useless to examine here, in 
what sense it is to be understood. Let, therefore, y* = tf»+ m x— *, 
be the equation of these curves ; we have 

m+» — » 
y = a m *~ x m ; 

t therefore 

m + n ■—» 

y d x = a m x m d x, 
and 

«• + » n 

ydx = h 0= a m a 1 » 4. C; 



9 
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a quantity in which there is no difficulty in determining the constant 
when m exceeds n. But when m is less than n, we find an infinite quan- 
tity for the constant, if we estimate the space from the origin of x ; and 
a finite quantity, if we estimate from any other point. Let us sup- 
pose, for example, m=l, aud n = 2; in which case the equation is 

a 3 

y = a s it 2 : the surface is then reduced to — a 3 z" 1 + C, or C . 

* x 

If then we wish to estimate the space from A, the origin of the ab- 

a 3 a 3 

scissas x, C must be zero*, when x = ; that is, C —- = 0, and 

x U 

a 3 
consequently C = — ; that is, is infinite. If, on the contrary, we 

wish to estimate the space from the point K, such that KA = b, we 

a 3 a 3 . 

have C — = 0, which gives C= — , and consequently this space 

a 3 a 3 
= -7 . This result is to be understood in the following man- 
ner. 

• a 3 

The curve which has for its equation y t=. a 3 x~~ 2 or y = — ex- 
tends to infinity along the asymptotes AZ> AY (fig'. 36); but ap- 
proaches much more nearly to the asymptote AZ than to the asymp- 
tote AY; for, when x is infinite, y is infinitely small of the second 
order, but when y is infinite, x is only infinitely small of the order £; 
if therefore we estimate the spaces from the asymptote A Y f they are 
infinite, because the space comprehended between this asymptote and 
the infinite branch BS is infinite. On the contrary, the spaces com- 
prehended between the branch BM and the asymptote AZ to infini- 
ty, have a finite value, because, after a very short interval, the branch 
approaches its asymptote very rapidly, so that the infinitely long 

a 3 a 3 

space KLMOZ has for its expression -j- 9 and PMOZ= — ; and con- 

a 3 a 3 
sequently KLMP = -7 . Whence it follows, that though we 

may not obtain the spaces estimated from A Y, we may, nevertheless, 
find the spaces KLMP, estimated from a point K, taken as near as 
we please to A Y. 

Let us take, as a third example, the curve which has for its 

q2 x — X 3 . 

equation y = — —~ — , and which will be found to have the fig- 

ure delineated (jig. 37), by giving successively to x arbitrary val- 
ues, and a determinate value to fl. 
We shall have then 

, a 2 xdx — z 8 dx 

y dxz= , 

9 a* ' 

12 
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and (83), 



fydx = AFM = 



2 a 2 x 2 — z* 

To* 



+ C; 



and if we wish to estimate the space .4PM from the point -4, the 
origin of the abscissas x, this integral must become with x 9 which 
shows that the constant C = zero. So that the indefinite space 

APM is simply -— And, in general, if the value of 

y is composed, as in the present case, of simple terms only, it will 
always be easy to find the surface. 

95. We have seenf how, by the assistance of algebra, we may- 
imitate any perimeter whatever ABCD (Jig* 38), by causing to 
pass through a certain number of its points A, B, C, D, a curve 
line whose equation shall have the form 

y = a-\-bx-\-cx 2 -{-ex* + /a? 4 , fcc, 
and how, to this end, we may determine a, b> c, &c. Let us now 
suppose that it were required to find the surface ABCDLK, al- 
though we had not the equation of the curve ABCD. 

We should draw through a certain number of points, A, B, C,D> 
a curve AeB f C g D, which would coincide With the former the 
more perfectly according as we should take a greater number of 
points. And, as we should then have the equation of this latter 
curve, we might consider it as the equation of the curve ABCD, 
at least for the extent ABCD. But this equation being then of 
the form y = a -j- b x + c x 2 + e# 3 > &cc. 

of which all the terms are simple, we should easily find the surface 
according to what has just been said. We may apply this method 
to the measure of the surfaces of the section of vessels. 

In general, it may be applied to find, by approximation, the surfaces 
of curves and the approximate integral of quantities which cannot be 
integrated exactly. Indeed, every differential may be regarded as 
expressing the element of the surface of a curve, whose ordinate is 
equal to the total factor of d x For example, d x /v/a2+«2 is the 
elemen t of th e surface of the curve, which has for its ordinate 
*y = V F a2+a^ . Thus, calculating, by means of this equation, some 
values of y for certain values of x, and drawing through the extremi- 
ties of these ordinates a curve of the nature of those just mentioned, 
the surface of these latter being found, would be the approximate 
value of the integral of d x */& +a#"for the extent of x. 



t See note at the end. 
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Let us take another example. It shall be that of the surface 
of the curve which has for its equation a b y 2 = x* (<z 3 — a? 3 ) ; 
this equation gives 

| X 4 (a 3 — x 3 ) x* , : 

therefore (taking only one of the values of y), < 

x 2 dx . x 2 dx . al i 

y d x = — — V fl 3 _ x 3 = __ ( a 8 _ z 3)* . 

now this quantity is integrate (89) because x 2 d x is the differ- 
ential of the term x 3 in the binomial, divided by the constant 
number 3. 

Therefore (89) we have 

f ydx= *>dx(a*-x*f 2 («'-«')* 

J y %a 2 ASE. — 'Sx*dx ^ 9a 2 */7t • 

With regard to the constant C, it will be determined by decid- 
ing from what point we wish to reckon the surface. 

We may also find the surface of curves by decomposing them into 
triangles instead of trapeziums. For example, we might find the 
surface of the segment ANQ C/^.34), by considering it as composed 
of an infinite number of infinitely small triangles, such as AQq. 

A a \C Q t 

This triangle would have for its expression — *—- , by letting fall 

the perpendicular Q t, or, which amounts to the same thing, by de- 
scribing from the centre A, with the radius AQ, the infinitely 
small arc Q t. Then calling AQ,t, and the arc Q t, d x, we should 
have A q-=.t -\-dt t and consequently the triangle 

.~ t-\-dt _ tdx , dtdx , tdx 

AQq = — £— dx = — H - — , that is, = — , 

rejecting the term — ~ — , in order to indicate that dx and d t are in- 

finitely small. Nothing more would be required than to have the 
equation in terms of x and t, in order to substitute in place of t its 
value in x, and integrate. 



r 



Application to the rectification of Curved Lines* 



96. To rectify a curved line is to determine its length or to as- 
sign a straight line which shall be equal to it, or to any proposed 
arc of it. The following is the method to be used, when the rec- 
tification is possible. 

Considering the curve AM (fig. 34) as a polygon of an infi- 
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nite number of sides, the small side M m may be regarded as the 
differential of the arc AM, because 

Mm = Am — AM=d (AM). 
Now, drawing Mr parallel to AP, we have 

Mm = \/Mr2+rTr& = \Zdx2 + dtfi~; 

it is therefore only necessary to integrate \/dx* + dtf* . In order 
to this, we differentiate the equation of the curve, and having de- 
duced from it the value of d y, expressed in terms of x and d x, 
or that of d x in terms of y and d y, we substitute it in the ex- 
pression ^/dafl+difi , which will thus contain only terms of x and 
d x or of y and d y ; we then 'remove d x 2 or d y 2 from under the 
radical sign (Alg. 130) and integrate. 

To give an example, let us take, among the parabolas expressed 
generally by y w + B = a m x n , that which has for its particular eqUa- 



tion y 3 = a x 2 ; we deduce, x 2 = — ; and x = —? ; whence 

ar 

J A a ' 

therefore 



Vdz 2 + dy 2 = ^ d y 2 + 9jL ^f-^dy^l + 



dy 



4a 

Now this quantity is easily integrated (90), since the exponent of y 
out of the binomial is less by unity than its exponent in the bino- 
mial. Therefore 

3 

= 3 9dy + C -27-\ 1+ 4a/ + C * 
2* 4a 

The constant C is determined as follows. If we wish to estimate 
the arcs AM from the point A, the origin of y, the integral or 
value of the arc AM must become zero at the same time that 
y = 0. But when y = 0, the integral is reduced to 

therefore ss + C = ; whence C = — — . Therefore the 
27 27 
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length of any arc AM, reckoned from the vertex A, is 

27 \ "t" la) 27 ' 

If it be required to find what other parabolas are susceptible of be- 
ing rectified, we may proceed in the following manner. The equa- 
tion y* +* = a™ a#, which belongs to these curves, gives 



m 



y z= a M + n x™ + n . 

Let us take — r — = k. and — ; — = p; we have y = a k xp ; 

whence 

dy = pa* zr-idx, *nddy 2 = p 2 aMx*-* dz 2 ; 

wherefore 

Jdz 2 +rfy 2 = Jrfx" 2 "+p a o 2 ** 2 *- 2 ^ 2 

* = d x J 1 -{- j, 2 a^F^ 

a quantity which is not integrable in this state except when2p — 2 = 1. 
But, it we change the sign of the exponent of x under the radical, 

we have z*- 1 d x a^/P 2 p+' 2 + p 2 d*[ 

which (91) is integrable if p — 1 increased by unity and divided by 

P 
— %P 4" 2> gives a positive whole number ; that is, if — r — = t f 

t being a positive whole number. Whence we deduce 

2 t 
p = — 2 tp + 2 r , or p = ^-qn ' 

but p = j — , wherefore : — = s — j— - ; whence tn = 



m + n' ro + n 2*-fT 2* ' 

thus the parabolas which may be rectified, are those comprised in the 

2nt-j-n „ * 

equation y si = a 2 * a?* ; 

or, extracting the root of the degree n, 

2t-fl 1 

y fit — <&t x, 

t being any whole number whatever. 

Application to Curved Surfaces. 

97. We shall confine ourselves to the surfaces of the solids of 
revolution. We call by this name the solids conceived to be 
generated by the revolution of a curve AM (Jig. 39) about a 
straight line AP. 
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We imagine that while AM revolves about AP, the small 
side Mm describes a zone or portion of a truncated cone, which is 
the element of the surface, and which {Geo. 531), is equal to the 
product of Mm> by the circumference which has for its radius the 
perpendicular let fall from the middle of M m upon AP, or which 
is the same thing, since M m is infinitely small, by the circumfer- 
ence which has for its radius PM, Now the aic 

Mm = ^dxz+dtf ; 
and if we represent by r : c the ratio of the radius of a circle to 
its circumference, we have r : c : : y is to the circumference 

c v 
which has PM for its radius, which will be — — ; whence we 

r 

have C ~T jd* + Tf> , 

for the element of the surface of the solids of revolution. 

98. Let us suppose, as an example, that the surface of the 
sphere is required. The generating circle AMB {fig. 40) has for 
its equation y 2 = ax — a? 2 , calling AP y x, and PM , y. Whence 

. . , \adx — xdx 

y = tJax—& , and a y = * — — 

Wax — «3 

wherefore 



, , i a 2 d x 2 — a x d x 2 + x 2 d x 2 
* ax — x 2 



therefore 



=J 



Vrf x 2 -f rf y 2 = \d x 2 + 



£a 2 rfz 2 — flirfi 2 -f.x 2 dx 2 



ax — x 2 



a xdx 2 — x 2 d% 2 +ja 2 dx 2 — axdx 2 -\-x 2 dx 2 _ jadx 



ax — x 2 \/ax—x2' 

Substituting, then, in the formula -^ ^ d & +d tfl , for y and 

r 

s/ d «3+^y3 , their values just found, we have 

Vfli-i 2 jadx 

C r X VaT^i" J 

i a c d x 
which becomes , and 



/ 



\a c dx \ac% xri 



r r 



■A a c x 
or simply , if we reckon the surface from the point A. 

Now as expresses the circumference of the circle whose 
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radius is £ a, since r\c::la: 2-?-? ; *-?-? x expresses the sur- 

A t r 

face of a sphere whose diameter is x; which agrees with what has 
already been found (Geo. 535.) 

99. To find the surface of the paraboloid, (which is the solid 
generated, by the revolution of the parabola AM (Jig. 39) about 
its'axis), we have the equation yl=px; whence 

y 2 * 2y dy , , _ 4y 2 dy 2 

JP P 2> 2 

whence 



Vdx>+d 9 ' = ^*»' + ^j!£~d!,^l+'- 



p2 ' 



which, being integrated, '90) gives 

PlTrfP + C -12rV 1 +7i-J + C 



W 2 



Now, in order that this quantity should express the surface reck- 
oned from the vertex A> it must become zero, when y = ; but, 

V 2 C & V 2 c 

in that case, it becomes-— (1) +C, qr~r- + C\ whence 

12 r v ' 12 r 

f 2 L; +C = 0;thatisC=-fi-; ; , 

wherefore, the surface of the indefinite paraboloid AM LA is 

P 2 c /, . 4y2\J 



12 



c/, , 4y 2 U P 2 c 



Application to the measure of solidity. 

100. In order to measure the solidity of bodies, we may 
imagine them composed of infinitely thin parallel segments, or of 
an infinite number of pyramids, whose summits unite in the 
same point. In ihe first way of viewing the subject, the difference 
of the two opposite surfaces, which terminate each segment is 
infinitely small, and must consequently be omitted in the calculus, 
if we would indicate that the segment is infinitely thin. Thence 
it follows that we must take, as the expression of the solidity of this 
segment, the product of one of its opposite bases by its infinitely 
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small altitude. If, for example, we consider the pyramid SABC, 
{Jig* 41) as composed of infinitely thin segments, like a b c d e f; 
we may take, as the measure of this segment, the product of the 
surface a b c or d ef, by the thickness of this segment. 

In like manner, if we consider the solid generated by the revolu- 
tion of the curve AM about the straight line AP (fig* 39), as com- 
posed of infinitely thin parallel segments, we must take as the 
measure of each segment, the product of the surface of the circle, 
which has for its radius PM. by the thickness P p. 

This principle being laid down, we thus estimate the solidity of 
the whole body. We consider each segment as being the differen- 
tial of the solid, because the segment Mm I L is in fact 

= A m I A — AMLA = d ( AMLA) ; 
and having determined the algebraical expression of this segment, 
we integrate. 

Let it be required, for example, to find the solidity of the pyra- 
mid SABC (Jig* 41 ). Supposing the surface of the base ABC to 
be equal to the known quantity i 2 , and its altitude *S T=h, we 
represent by x the distance S t of any section ; which gives d x for 
the thickness of this segment. The surface a b c is found by the 
following proportion (Geo. 409) ; 

ST 2 : St 2 :: ABC : abc'; 
that is, , m 

b 2 x 2 

h 2 : x 2 : : b 2 : ab c = -r— ; 

A 2 ' 

thus the solidity of the segment will be 

b 2 x 2 dx , pb 2 x 2 dx 62^3 2 x a 

if we reckon the solidity from the vertex *S. This quantity, which 
expresses the solidity of any pyramidal portion S abc. is the same 

b 2 x 2 x . . 7 St 

as -=— X o > which is abc X -^- ; which agrees with what has 

been demonstrated (Geo. 416). 

101.' As to the solids of revolution, we may find a general ex- 
pression for the elementary segment or differential. For, suppos- 
ing that r : c expresses the ratio of the radius to the circumference, 
we shall find the circumference, which has PM (Jig* 39) or y for 
its radius, by the following proportion, 

r : c : ; y i -^; 
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if we multiply this value — of the circumference, "which has PM 

c v 2 
for its radius, by i y or half of the radius, we have-^-, for the sur- 
face, which, being multiplied by the thickness Pp or da?, gives 

cy 2 dx 

— ~ for the expression of the element of the solidity of every 

solid of revolution. To employ it in any particular case, we have 
only to substitute instead of y its value in terms of x derived from 
the equation of the generating curve AM, and integrate. 

102. Take, as an example, the spheroid generated by the revo- 
lution of the ellipse about its major axis (Jig. 42). The equation 

b 2 
of the ellipse is y 2 = — (a x — a? 2 ) calling AP } x, and PM, y, 

and the axes AB and D d, a and b ; we have then, 

e y 2 d x cb 2 , _ x , cb 2 , , _. 

— ^r = ~ — « ( <* & — x ) d x = - — - (a x d x — x 2 d x), 

2 r 2r a 2 v ' 2ra 2 v n 

of which the integral 

cb 2 /ax 2 at»A ■ cb 2 /ax 2 x*\ 

= 27a* \~2 "3 / + 27a 2 \~2 J)' 

when the solidity is reckoned from the point A. 

In order to obtain the entire spheroid, we suppose x = AB = a, 

cb 2 I a 3 a 3 \ cab 2 

and we have ^ — r X I -77 — -5- 1 , which is reduced to — 7^ — , 

2r a 2 \ 2 3 f 7 12r 

c 6 2 c 6 2 c 6* 

which is the same thing as -r— X i 0, or -5— X # a ; now -^ — 

4r or o r 

expresses the surface of the circle, which has b or D d for its di- 

cr b 2 cb 2 cb 2 

ameter, since ( Geom. , 287,) r 2 : — :: — : -5— ; and -5— X o 

<6 4 of or 

would consequently express the solidity of the cylinder circum- 
scribed about the ellipsoid. Therefore, since the solidity of the 

cb 2 - 
ellipsoid is hete -^— X § o, we conclude that it is two thirds of 

that of the circumscribed cylinder. And as the sphere is only an 

ellipsoid, of which the two axes are equal, the sphere ,is therefore 

% of the circumscribed cylinder, which agrees with what has been 

demonstrated (Geom. 549). 

103. If we wish to determine the solidity, reckoning from a 

determinate point JET such that AK=e; we take the general inte- 

c b 2 /ax 2 x 3 \ 
gral 5 — g I -5 -=- 1 + C; and as the solidity is to be reckoned 

13 
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from K, this integral must become at that point, that is, when 
x = e ; in this case it becomes ^ — - ■ -£ — 1 + C ; 

whence 

cb 2 iat* t*\ 

27i» ^•2"-T; + G_0, 

and consequently 

p cb 2 iat 2 e 3 \ 

thus the solidity 9 reckoned from the point K, has for its expres- 



sion 

cb 2 



2 iax 2 z*\ cb 2 iat 2 e 3 \ 
tf \~2 "3/ — 27fl2 \~2 "3/ 



2r 

Such, therefore, is the value of the segment of an elliptical sphe- 
roid, comprehended between two parallel planes, perpendicular to 
the axis, and at the distance x — e from each other. 

We may, by this formula, calculate the solidity and consequently 
the weight of the masts and yards of vessels, which are portions of 
elliptical spheroids. The same formula serves also to measure 
the capacity of casks, whose external surface may be regarded as 
a portion of such a spheroid. \ 9 

104. Let us take, as a second example, the paraboloid {fig. 39). 

_ f 11^ d 1. 

The equation of the parabola is y 2 = px, thus the formula — — 

2 r 

c o x d x 

becomes -~ , whose integral is 

2 r 

c P %2 1 n c P x x 1 si c y 2 z 1 n 

by substituting for p x its value y 2 . If we reckon the solid from 
the point A, as it is fcero when a? = 0, the constant C must be 

C V 2 X C V 2 

zero, and the solidity is reduced to -—- x s > now ~<r"" expresses 

the surface of the circle, which has PM for its radius, that is, the 
base of the paraboloid AMLA ; therefore the paraboloid is half the 
product of its base by its altitude; it is therefore half of the cylinder 
of the same base and altitude. 

If we wish to reckon the solidity from the known point K, such 
that AK=e; then, as the solidity must be zero at the point K, 
that is, when x = e, the general integral must be zero at the same 

C D X 2 C D t 2 

time ; that is, -^ h C } becoming — £ f- C, equals zero, 

4r 4r 



wherefore 



and consequently 
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c= — cpe2 



Ar ' 

whence, the solidity of the segment of a paraboloid comprehended 

between two parallel planes, whose distances from the vertex 

c o x 2 c d e 2 

are x and e, is — : f — . This formula may serve to estimate 

4 r 4 r J - 

the excavations of mines. (fty ^ 

105. We may take, as another example, the hyperboloid or —' -* 
^ solid generated by the revolution of the hyperbola about one of 

its axes. We may also take the ellipsoid generated by the revo- 
lution of the ellipse about its lesser or minor axis, which is called 
the Flattened Ellipsoid (Oblate Spheroid). That generated by its 
revolution about the greater or major axis is called Elongated 
Ellipsoid (Prolate Spheroid). We should, in like manner, find 
that the flattened ellipsoid is § of the circumscribed cylinder: 
that is, that a and b, being the greater and less axis of the gene- 

c a b 2 
rating ellipse, the elongated spheroid has for its solidity -=^- , and 

c a 2 b 
the flattened spheroid has for its solidity -y~ — ; thus the elongated 

i . i . i/i ii .i c ab 2 c a 2 b , 

spheroid is to the flattened spheroid : : -^ — : Q : : o : a, as 

the lesser axis to the greater. 

We shall now leave the solids of revolution. 

But in order to accustom beginners to extend the application of 
these methods, we shall give two additional examples. 

106. In the first, it is proposed to find the solidity of a cylindri- 
cal ungula formed by cutting a cylinder by a plane oblique to its 
base, and which, for greater simplicity, we will suppose to pass 
through the centre. It is the solid AD BE represented (Jig. 43). 

If we conceive this solid to be cut by parallel planes infinitely 
nearr each other, and perpendicular to the base AEB (fig* 44), 
the sections will be similar triangles, whose surfaces will conse- 
quently be as the squares of their homologous sides. Thus, calling 
CE the radius of the base, r, the altitude DE, h, and PM, the 
base of the triangle PMN, y> we have 



Icy *""** *^" fc ""^ .""^ 
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CED : PMN : : r* : 



now 



therefore 



cjs:d=~ 



2rr 2r 



calling, therefore, AP, x, which gives d x for P p, the thickness 
of the segment comprehended between two contiguous planes, we 

have — ^- for this segment. Now y is an ordinate of the circle 



2 



which serves as base, and we have consequently y 2 = 2 r a: — x 
The elementary segment becomes then — ■ — ^ ', or 

(2 r x dx — x 2 da?), of which the integral, reckoning from the 



2r 

point ^4, is — ( ra?2 ~-o-J« Therefore, to obtain the whole so- 
lidity, we have only to suppose x = 2 r, which gives 

^r( 4r3 -¥) =fAr2== T X * r=:=CE1>X *^ C 

= CED x * -45, 
that is, two thirds of the prism, which should have the triangle CED 
for its base, and the diameter AB for its altitude. This may serve 
to measure the solidity of fortifications. 

107. As a second example, we shall investigate the solidity of a 
segment of an elongated ellipsoid, comprehended between two 
planes parallel to each other and to the greater axis. 

Before proceeding in this investigation, it must be demonstrated 
that the sections of an ellipsoid, made parallel to the greater axis, 
are ellipses similar to the generating ellipse of the solid, that is, 
that their axes have the same ratio to each other as the axes of that 
ellipse. 

To this end, we conceive the ellipsoid cut by a plane, which 
for the sake of preciseness, we suppose vertical, and pissing 
through the greater axis AB (Jig. 45). The section will be the 
ellipse ADBE equal to the generating ellipse. We also conceive 
the ellipse cut by three other planes, of which two are vertical 
and the third horizontal. Let the less axis of the ellipse DE and 
its parallel MNbe the intersections of the two first with the plane 
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ADBE, and ST that of the third with ihe same plane AD BE. 
This done, we say that the section of the ellipsoid by the plane 
represented by ST is an ellipse similar to ADBE. 

We conceive perpendiculars to the plane ADBE to be raised 
from the points O and R, meeting the surface of the ellipsoid. 
These perpendiculars will be at once ordinates of the section 
made by ST, and of the circular sections made by MN and DE. 
Now since they are ordinates of the circular sections, if we call 
the perpendicular at the point R, z, and the perpendicular at the 
point 9 1, we shall have 

z 2 = DR. RE, 
t 2 = MO. ON. 
But, calling CD, J b; PM, y; CA,ia; and CR =* OP, u; we 
have 

DR = ib + u,RE = ib — u,MO = y + u, ON=y—u, 

so that 

DR . RE = t b 2 — u 2 = z 2 , 

MO . ON= y 2 — u 2 = t 2 . 

But, by the nature of the ellipse (Ap. 123), we have 

calling CP, x. And k representing the ordinate SR to the less 

a 2 
b* 



a 2 
axis, we have (Ap. 122) Jc 2 =— (i b 2 — u 2 ), whence we de- 



b 2 k 2 
duce u 2 = i b 2 j- 5 substituting these values of u 2 and y 2 

in those of z 2 and t 2 , we have 

a b 2 k 2 , ^ b 2 k 2 b 2 x 2 

z 2 = — —, and t 2 = — --, 

a 2 ' a 2 a 2 ' 

whence it is evident that 

Z 2 : t 2 . . ^JL : ZJL — l4- : : Jc 2 : 1c 2 — x 2 : : SR 2 
a 2 a 2 a 2 

or SR.RT: SO. OT; 

that is, the square of the ordinate z, corresponding to the point 

R, is to the square of the ordinate t, corresponding to the point 

O, as the product of the two abscissas to the first, is to the product 

of the abscissas to the second ; the section made by ST is therefore 

an ellipse. > 

b 2 k 2 bk 

Besides, the equation z 2 = — ^-, or z = — , gives 

z : k : : b : a; 
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now z, or the ordinate to the point 22, is the semi-minor axis of 
this ellipse, and Jc or SR is the semi-major axis ; the two axes of 
this ellipse have therefore the same ratio as those of the generat- 
ing ellipse ; and as nothing in the course of this reasoning deter- 
mines at what distance CR this section is supposed to be made, 
the same thing takes place for every section parallel to AB. 

This being determined, if we wish to have the solidity of any 
segment of an ellipsoid, comprehended between the two parallel 
planes represented by AB and ST, we represent by *S the sur- 
face of the generating ellipse ; and since the ellipse, of which ST is 
the greater axis, is similar to this, we shall have the surface of this 
last by the proportion 

Sk 2 
i«*:fc»::S:^L; 

multiplying this surface by the infinitely small thickness Br or 

d u of the elementary segment, we have — for the value of 

this segment; but, according to what has just been said above, 
we have Jc 2 = — lib 2 — u 2 1 ; 

whence the elementary segment will be 

Sdu(ib* — u 2 8 ,_ , 2 . 2 . . 

— , = ( 4- b 2 a w— u 2 a ti), 

±b 2 ' ±b 2 v * ' 

cr 

of which the integral is -^ (£ b 2 u — $ u*), if we reckon from 

io 

the centre C. But if we reckon from the point K, the integral 
will be JL^ b2u _ iu ^ + a 

In order to determine C, we call CK, e ; then the integral must 
be zero at the point K where u= e ; we shall have, therefore, 

and consequently 

wherefore every segment of an elongated ellipsoid, comprehended 
between two planes parallel to the greater axis, has for its ex- 
pression 

pL (* * 2 «-* « 2 ) - jfi (ih°e-i e»), 
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Now ib 2 u — ib 2 e = ib 2 (u—e). 

In like manner, 

£ea — $u* = e -=? {e 2 + eu + u 2 ). 

Moreover, u — e represents the distance of the two parallel planes or 
the altitude of the segment comprehended between them ; if, there- 
fore, we make u — c = A, calling this altitude A, and substitute for 
e its value u- — A drawn from this equation, we have, lifter all re- 
ductions, 7T2 1 i ^ 2 * — hu 2 -\-h 2 u — -— J , 

a 2 
but we have had, above, Jc 2 = — (£ b 2 — it 2 ), and consequently 

1*2 2 b2k2 
±b 2 — u 2 = 



*" " a 2 " 

The value of the solid segment is therefore changed into 

±a 2 ^ ib 2 \ 3/ 

Skk 
But we found — - - for the expression of the surface of the sec- 
tion made by ST, or the inferior section ; calling then this surface 
*, we shall have 



* h H r^ (u — « 1 ; 



finally, if we represent by *' the surface of the section made by 
LK, and by I its semi-minor axis, we shall have,* from the simi- 

J 2 / 

larity of the sections, i b 2 : I 2 : : #S : sf ; whence S= I — — ; 
which gives, for a final expression, 



, s' A* / A\ 



That is, we must, 1st, Multiply the surface of the less section by 
the altitude of the segment ; 2d, multiply the surface of the great- 

h 2 
er section by the ratio -^ of the square of the altitude of the seg- 

ment to the square of the semi-minor axis of the superior section, 
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and by the distance from the centre to the inferior section minus a 
third of the altitude of the segment. 

This rule may be usefully applied to measuring the solidity of that 
part of the hull of a ship which the lading causes to sink below the 
surface, whenever the figure of this part maybe compared to a 
portion of an ellipsoid. In this case, s will represent the section of 
the vessel without its lading, at the surface of the water ; s 1 the 
section with the lading ; h the distance of the two sections ; I the 
greatest breadth of *', and u the distance from the greatest horizon- 
tal section of the spheroid, to s. 

As to the mode of measuring s and *', it may be observed, that 
one of these surfaces is determined by the other, since, belonging 
to similar ellipses, they must be to each other as the squares of 
their greater or less axes. It is therefore only necessary to know 
how to determine one of them. Now, we shall presently see, that 
the surface of an ellipse is to the surface of a circle which has for 
its diameter the greater axis of the ellipse, as the less axis is to the 
greater. As we know then how to estimate the surface of a circle, 
at least to as great exactness as may be desirable, we shall easily 
determine that of an ellipse whose axes are known. 

On the integration of quantities containing Sines and Cosines. 

108. We found (21, 22) that 

d (sin z) = d z cos z, 
d (cos z) = — d z sin z ; 
therefore, reciprocally, 

f dz cos z = sin z -|- C, 

C — d z sin z = cos z -f- C. 

It is required to find the integral of dz cos 3 z ; we have 

/_ /• 3 d z cos 3 z sin 3 z , „ 
dz cos 3 z== # - = — ^ (- C 

In like manner 

/. _ /• — 3 d z sin 3 z cos 3 z , „ 
d z sin 3 z = M - = - 1- C 

In general, m being any constant quantity, 

//• — mdzsmmz cos m z . - 
d z sin m z = m = \- C 
J — m — m 

Let it be proposed to integrate (sin z) n d z cos z. Because 

(sin z) n d z cos z = (sin z) n d (sin z), 
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we have 

// • x j (sins)** 1 , _ 
(sin z) n dz cos z = r-= h C 
n+ 1 

If the proposed differential were (sin mz) n dz cos m z, we should 
give it the form 

(sin m z) n m d z cos m z (sin m z) n d (sin m z) 

m m ' 

of which the integral is 

(sin mz) n + l n 
ro(n-fl) + ' 
In like manner 

/\ ' , . /•(cos ins)* X — m rf 2 sin m « 
(cosmz) n azsinmz= # — * 

(C0S»IZ) W + 1 r 

= "_„,(» + ij + c - 

Let it be proposed to integrate d z sin p z cos gz,p and q being con- 
stant quantities. By what has been demonstrated ( 7V. 27), 

sin p 2 cos q z = £ sin (p 2 -|- q z) -(- J sin (pz — q z) 

= £sin (p + gr)z + £sin (p — 2)2; 

we have therefore to integrate 

£ dz sin (p -f- g) 2 -f- £ d z sin (p — q) z 
_ = AP + 9) dzsin JP + 2) z , i (P — q)dzBin(p— q) z 

P + 2 p—q 

of which the integral is 

— j cos (p+q)z jco8(p — q)z & 

P + 2 P — 2 

We should integrate in the same manner d z sin p z cos q z sin r 2, 
by converting these products into the sines or cosines of the sum or 
difference of the arcs p 2, q z, r 2, &c. ( 2)\ 27); 

If we wished to integrate dz (sin *) 3 , we should change this dif- 
ferential into d z sin 2 (sin z) 2 ; now 

sin z 2 = sin z sin z = £ cos (z — 2) — £ cos (2 -}- 2) 

= j- cos — £ cos 2 2 = £ — j- cos 2 2 ; 

therefore 

d 2 sin 2 3 = £ sin 2^2 — £dz sin 2 cos 2 2. 

We should then resolve sin 2 cos 2 2 in the same way that sin p z cos 
q 2 was resolved above, and the integration would be easy. We see, 
therefore; how we might integrate dz sin 2* , it being any positive 
whole number. We should proceed in a similar manner to integrate 
dz cos 2" . We may therefore, on the same principles, integrate 
quantities of the form 

d 2 sin p 2 m cos q z n sin r 2* , &c. 

m, », 5 being positive whole numbers. 
Finally, these principles, what has been already shown ( TV. 27, &c.), 

14 
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and what has been laid down above on the integration of quantities, 
give us the means of integrating differentials affected by sines and 
cosines, whenever they have an algebraical integral ; and when tan- 
gents occur, they may be reduced to the differentials of sines and co- 

1.1 sm z 
sines, by observing that tang z= . 

cos z 

On the mode of integrating by approximation, and some uses of 

that method. 

109. This has nothing to do with simple differentials, since 
they, as we have already seen, are always easily integrated. It is 
only for complex differentials which elude the methods already 
given. 

The art of integrating by approximation, consists in converting 
the proposed quantity into a series of simple quantities whose 
value continually diminishes ; each term is then easily integrated, 
and it is sufficient to take a certain number of them, in order to 
obtain an opproximate value for the integral. 

The rule given (Alg. 141) for raising a quantity to any proposed 
power, and which is equally applicable to polynomials, is the method 
we employ in order to integrate by approximation. We shall now 
give some examples. 

110. Let it be proposed to find the length of the arc of a circle, 
-4^(^.40) by means of its versed sine AP. 

Supposing the arc M m to be infinitely small, if we draw Mr 
parallel to AP, and also the radius CM; the similar triangles 
CPM, Mr m, give 

PM : CM ::Mr: Mm. 
Making AP, x, and the diameter AB, 1, we have M r = cJ *, 
CM = i, and PM\ = */x- X 2 . Therefore 

\/ x—x2 : £ : : d x : Mm = — ? - f 

V X — X2 

and consequently AM = / * % - . This quantity cannot be 
integrated by the rules given above, wherefore we change it into 
C i X (Alg. 123), and then into f ^x^dx(l— *)"* 



t PM 



= ]mc-cp = VT^lFW=^Z=*r. 



Approximation. 107 

{Alg. 133). We then reduce (1 — op)"* to a series (Alg. 144) ; 
and find, after making all the reductions, 

(1 _ x )-£ = 1 + $* + #** + A* 8 + &c - 
therefore 

=j(i x~*dx -f ix^dx+fta? dx + ^x* dx + &c.) 

— ** + i«* + AaB* + T t J «*+«Kc. 
a quantity to which there is no constant quantity to be added, be* 
cause when x = 0, it becomes zero, as should be the case, since 
then the arc AM, which it expresses, is zero. 

By reason of the common factor ar, we may give to the series 
expressing the arc AM" the form 

We now observe that the versed sine x is always less than the 
diameter 1, except when we speak of the semicircumference, 
wherefore x is always a fraction, and consequently the values of 
the terms of the series will diminish, in proportion as the versed 
sine of the arc in question diminishes. If, therefore, we wished 
lo find, for example, the length of the arc whose versed sine is the 
hundredth part of the diameter, we should have a? = -^ ==0,01, 

and consequently ar = 0,1 ; we should have therefore for the 
value of this arc ' 

and as the next successive term of this series would be at least a 
hundred times less than the last of those given, since each is more 
than a hundred times less than the preceding, if we ascertain what 
is the value of the term T ^ (0,01 ) 3 , we may, by taking the hun- 
dredth part of this value, judge of the degree of exactness to 
which we shall have the value of the arc, if we confine ourselves 
to these four first terms. # Now T f 2 (0,01 ) 3 is 

Tfr. (0,000001) = °>°^® 05 0,0000000446, 
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of which the hundredth part is 0,000 000 000 446 ; we may there- 
fore, with certainty, estimate each term of our series as far as to ten 
decimals, without fearing that the value of the resulting arc should 
be faulty in the ninth decimal. Thus we shall have 
Tt*(0.01) 3 = 0,000 000 0446; ^ (0,01) 2 =0,0000075000; 

^=0,0016666666 ; 

the sum of the series will therefore be 

0, 1 (1,00167421 12), or 0,100167421, 
confining ourselves to 9 decimals, and we might with perfect 
safety admit even the tenth. 

Such is the value of the arc whose versed sine is the hundredth 
part of the diameter. If, therefore, we knew how many times 
the number of degrees of this arc is contained in 360°, we should, 
by multiplying their length by the number of times, have the 
approximate value of the circumference. But this we do not 
know. 

As we know {Trig. 18) that the sine of 30° is half the ra- 
dius, and as, knowing the sine of an arc, we may easily find 
its versed sine, we might calculate the versed sine of 30°, 
substitute it for x in the above series, and then, multiplying 
the result by 12, which is the number of times that 30° is contain- 
ed in 360°, we should have the approximate length of the circum- 
ference. But as the series would be little convergent, so that 
we should have to calculate a great number of terms, in order to 
obtain an approximate value of the circumference, we shall point 
out another way, which will serve as a second example of the 
method of approximation. 

Draw the tangent AN (Jig. 46) the secant CMN and the se- 
cant Cmn infinitely near to it ; from the centre C, and with the 
radius CN y describe the infinitely small arc Nr, which may be 
considered as perpendicular to C n. The small triangle Nr n 
will be similar to the right-angle triangle CA n, because, besides 
the right angle, they have a common angle n ; it will be also 
similar to the triangle CAN, which differs infinitely little from 
CA n ; we have therefore 

CN: CA::Nn : JW = ^^ -l 
now the similar sectors CNr, CMm, give 
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CN: CM, or CA : : Nr = — ^= — : Mm = — ==3 — . , 

CN CN , 

Calling, therefore, AN, x ; the radius CA, a ; we have 

Nn = dx and CN= ^a 2 +«2 ; 
the value of Mm will thus become 



a 2 rfx . __ a 2 <f x 

; that is, Mm = 



therefore 



fl 2-j_ x 2> "*"• -> ""• a*+x* ' 

a 2 dx 



This quantity cannot be exactly integrated. In order to inte- 
grate it by approximation, we must put it under the form 
/*a 2 d x (a 2 + a: 2 )" 1 ; then, having found (Alg. 144) that 

we shall have 

/» /• / x 2 X* Z 6 I 8 V 

«.rf,(.. + ,.)-i=yd,(i-_+___+--.« B c ) 

/»/ , x 2 dx t x* dx x 6 dx t x 8 dx ' V 

=Jr x — 55-+-*- — ^+-^i-- &c -) 



9 



~* 3a2^"5fl* 7 a 8 "^9 a 8 &C ' 

(X 2 , X* X 6 , X 8 \ 

3a 2 ' 5a* 7a 6 T 9a 8 / 

It now remains to ascertain whether we know any arc, which, 
being contained a known number of times in the circumference, 
has a known tangent. . Now the arc of 45° is such an arc, being 
contained 8 times in the circumference, and its tangent is equal 
to the radius ; supposing, therefore x = a % we shall have for the 
length of the arc of 45°, the value of this series 

«(l — i + i — * + *-*.&*•) 
But, as the terms of this series decrease very slowly, we must 
endeavour to decompose the arc of 45° into two other arcs, 
whose tangents shall be known. It is not important that the num- 
ber of degrees in these arcs be known, provided they make 45° ; 
when we shall have calculated their lengths by means of their tan- 
gents, we shall, by adding these lengths together, have that of the arc 
of 45°. As these arcs will be less than 45°, their tangents will be 
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less than the radius, and, consequently, the series will be more 

convergent and more easy to calculate. 

What has been laid down ( Trig. 27) furnishes us the means of 

finding two such arcs. For, we found that a and b being any two 

arcs, we have 

fantt ,„ , M ta ng a + tang 6 

tang (a + o)=« — t> 

° v ' ' 1 — tang a tang b' 

supposing the radius = 1. If, therefore, we suppose a + b =* 45°, 
in which case tang (a -{- 6) = 1, we shall have 

tang a -f- tang 6 
1 — tang a tang b ' 

an equation, from which, by the common rules we deduce 

, 1 — tang a 

tang b = 7-; 2—. 

5 1 -f tang a 

Taking then the tang a = £ ; we shall have 

, 1— X 

We have therefore only to calculate, by means of the series 
above, the length of the arc whose tangent * is ~ or one half of 

the radius, and the length of the arc whose tangent is-: these two 
lengths added together will give the length of the arc of 45°. 
Now, substituting successively ~ and ~ in place of a? in the pre- 
ceding series, we have 

a/ 1 I L__l_J I i * & \ 

U\ 3.2 air 5.2* 7.2^ +9.2* ll.2»° + 13.2»" °) 

\ 3.3 2 ~5.3* 7.3«~9.3 8 1L3»« T 13.3»» / 

If we wish to have the value of each of these arcs expressed 
exactly as far as the ninth decimal, we must calculate the first 
15 terms of the first, and only the first 10 terms of the second. 
Now this calculation is very easily made by observing that in the 
first, we may calculate the consecutive terms, by forming at first 
a series, each term of which shall be equal to the preceding mul- 
tiplied by — that is, shall be {■ of the preceding ; we then mul- 
tiply this series, term by term, by the series 1, $,i, f, $, &c. 



a 
3 
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finally,, adding the odd terms together, and also the even terms 
together, and subtracting the sum of the former from the sum of 

the latter, we multiply the remainder by -. In like manner, the 

calculation of the second is reduced to forming a series, each term 

of which shall be equal to the preceding multiplied by — , that is, 

shall be £ of the preceding, and then proceeding as above, only 

that the result is to be multiplied by - instead of -. If this ope- 

ration is executed, and the approximation carried as far as 10 

decimals, we shall have for the first series - (0.9272952180), 

or a (0.4636476090) ; and for the second, ~ (0.9662516632), 

o 
or a (0.3217505544) ; therefore the arc of 45°, which is the sum 
of these two, will be a (0.7853981634). Taking, therefore, the 
quadruple, in order to obtain the semi-circumference, we shall 
have a (3.1415926536) ; therefore the radius is to the semi-cir- 
cumference, or the diameter is to the circumference 

: : a : a (3.1415926536) : : 1 : 3.1415926536, 

a ratio which does not differ from that obtained in Geometry 
(art. 294), and which may be easily carried to still greater ex- 
actness. 

111. As a third example of approximation, let it be proposed 
to find the logarithm of any number. But we must first observe 
what has been already mentioned (26), viz. that the logarithms 
here spoken of are not those found in the tables. But the former 
being calculated, we may immediately deduce from them the lat- 
ter, as will be seen as soon as we have shown how to calculate the 
former. 

We conceive the proposed number to be divided into two parts, 
represented by a -f- x ; a being the greater part. According to 
what has been shown (26), we have 

d . log (a + x) = --JL , 

a quantity which cannot be integrated algebraically. % It must 
therefore be reduced to a series, and to this end put under the 
form . . dx (a +a?)~*. Now we have (Alg. 144.) 



11? Integral Calculus. 

1 X X 2 X 3 

whence 

d I (a -f- a:) = dx (a -f- a?) -1 

(dx xdfx x 2 dx x 3 dfx . . \ 

integrating, we have 

v ' ' \a 2a 2 ' 3a 3 4a* r / ■ 

In order to determine the constant C, we observe that as this 
equation is universally true, it must be so when x = Q, in which 
case it is reduced to I a = C ; therefore C = 1 a, wherefore 

,/ , v , /z x 2 , x 3 x* , „ V 

!(. + ,) = *«+(-__+ ___ + &c .) 

Knowing, therefore, the logarithm of a single number, we may, 
by this series calculate the logarithm of any other number. If, 
for example, we suppose a = 10, and a -(- x = 11 ; we shall have 

x = 1, and consequently -=^ 9 whence we shall find 

ni = no + (o,i a -(^)l + (Ml- & c. 

which shows what must be added to the logarithm of 10 to give 
that of 11. 

But as the general series just found is not sufficiently convergent, 
we may proceed in the manner following. Let it be proposed to 
find the logarithm of a fraction whose numerator is greater than 
its denominator ; we shall presently see that the investigation of 
the logarithm of any number may always be referred to this 
case. 

Let a represent the sum of the numerator and denominator of 
this fraction, and x their difference ; then {Alg. 3) we have 
£ a -f- £ x for the numerator, and i a — £ x for the denominator ; 

and consequently - — 3L* — for the fraction ; or, suppressing the 

j a — £ x 

a ~4"" x 
common factor £, the fraction will be represented by ' , and 

consequently I — X_- — I (« -(- x) — I (a — x) will represent its 



i 

x 

i 
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logarithm. If now we differentiate, considering a as constant, and 
x alone as variable,! we shall have (26) 



a-\-x a — x a 2 — x 2 
reducing, therefore, (a 2 — a; 2 )""" 1 to a series, (Alg. 144), we have 

( T 2 /y-4 T 6 r 8 \ 

n a 2 n a* ' a 6 ^a 8 ' / 

wherefore 

~/dx , z 2 ds , x* <f x t x 6 dx t x 9 dx . \ 

= 21 H — 4- &c. I . 

Therefore 

The value of the constant C may be determined as above, by 
examining what the equation becomes when x=Q. Now it is 

then reduced to I- = C; therefore C = Z - = Z 1=0; we 

a a 

have therefore merely 

7 a + x ix x* x b x 7 x 9 fi \ 

in which we see that each term is formed from the preceding by 
multiplying by the square of - or of the first term ; we then take 

the first term, £ of the second, i of the third, fcc, and double the 
sum. 



t Though this fraction represents any proposed fraction, this does 
not hinder our considering the sum a of the numerator and denomi- 
nator as constant, because there is no fraction which may not be so 
prepared as to render the sum of the numerator and denominator 
equal to any number whatever. For example, to bring the fraction 
£ to such a form as to have 12 for the sum of its numerator and de- 
nominator, we have only to multiply the two terms by m, which 

3k 

gives £—, and make 3 u -f-5 u = 12, or 8 «= 12, whence we have 
o u 



u = ^ = £ ; then f = ~, of which the sum of the numerator ajad 

denominator is, in fact, 12. 

15 
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Let us apply it to some examples. Suppose, for instance, it 
were required to find the logarithm of 2. In order to this we rep- 
resent 2 under the form of f ; we shall then have a = 3, and x = 1 ; 

wherefore - = i, and -- = £. Each term may then be easily 
a o 2 

formed, as we have only to take £ of the preceding term to form 

Z Z 3 nrb 

the series -, — , — fcc. thus we shall have, v 

a y a 3 a 5 

— =0,333333333 . . Therefore - =0,333333333 
a a 

— =0,037037037 ^-- =0,012345679 

a 3 ' 3a 3 , 

— =0,004115226 ..... ~ =0,000823045 
a 6 . 5a 5 

— =0,000457247 £- =0,000065321 

?L. =0,000050805 ..... ^- =0,000005645 
a 9 9a 9 ' 

— =0,000005645 -^- =0,000000513 

a 11 11a 11 

— =0,000000627 -?— - =0,000000048 

a 13 13a 13 

— =0,000000069 ..... -?— =0,000000004 
a i5 ' 15 a 15 ' 

of which the siim is 0,346573588 

and double this, or the log. 2, is 0.693147176, which, confining 
ourselves to 8 decimals (for, to answer for the accuracy of the 
ninth, we ought to have carried the approximation farther) is 
0,69314718. 

Since 4 is the square of 2, and 8 is its cube, double this loga- 
rithm will be the logarithm of 4, and the triple of it will be the 
logarithm of 8. 

In order to obtain that of 3, we may calculate, in the same way, 
the logarithm of the fraction |, which being taken from that of 
4, will give the logarithm of 3, since 3 is 4 divided by $, there- 
fore Z 3 = / 4 — Z £ ; but it may be found more easily by calcu- 
lating the logarithm of the fraction f , and subtracting it from 
the logarithm of 8, which has already been found ; the remainder 
will be the logarithm of 9, half of which will be the logarithm of 
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3. Adding that of 3 to that of 2, we shall have the logarithm of 
6. In order to obtain the logarithm of 5, we must first find that 
of 10, by calculating that of ig°, which, being added to the loga- 
rithm of 8, will give that of 10. By subtracting from this last 
the logarithm of 2, we obtain the logarithm of 5. 

We thus see what is to be done in order to calculate any other 
logarithm. But it ought to be observed, that the calculation be- 
comes shorter and shorter in proportion as the number becomes 
greater, so that when we have the logarithms only as far as 10, 
we may calculate the others, as far as 100 without employing more 
than three terms of the series, if we confine ourselves to 8 deci- 
mals ; beyond 100, the two first terms are sufficient, until we get 
to 1,000, and above that, a single term is sufficient. 

In order to reduce these logarithms to those of the common 
tables, we must previously have the logarithm of 10. Now, if we 
calculate the logarithm of ^>, by the preceding formula, we shall 
find I \p = 0,22314355 ; adding to this the logarithm of 8, which 
is found by tripling the logarithm of 2 obtained above, we have 
1 10 = 2,30258509. 

112. Having done this, we observe that the equation 

y 

on which (26) is founded the present calculation of logarithms, 
agrees only to the system of logarithms in which we suppose the 
modulus = 1 ; but that the equation which applies to all possible 
systems of logarithms, is 

, mad y 

CL X — — — — — — — 2 

y 

and that which applies to all the systems of logarithms in which 
we suppose that the first term a of the fundamental geometrical 
progression is 1, is 

y 

The first, viz. d x = — , gives, on being integrated, x = I y ; 

and the second, viz. d x = -, gives x^=:mly, which shows, 

since x represents the logarithm, that to reduce the logarithms 
resulting immediately from calculation to those of any other system 
whose modulus is m y we must multiply them by m. Now th$ 
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logarithm of 10, in the common tables, is 1 ; and we have just seen 
that the logarithm of 10, which is given by the calculation, is 
2,30258509 ; we have therefore m x 2,30258509 = 1 ; where- 
fore the modulus of the common tables is onftgQgnQ » which, by 

2,30258509 

performing the division, is reduced to 0,43429448. 

Therefore, to reduce the logarithms given immediately by the 
calculus to the logarithms of the tables, we must multiply them by 
0,43429448. And, reciprocally, to reduce the logarithms of the 
tables to those resulting immediately from the calculus, we must 
divide them by 0,43429448, or, which is more convenient and 
comes to the same thing, multiply them 'by 2,30258509. 

Thus, if 0,69314718, which was -obtained above as the loga- 
rithm of 2, be multiplied by 0,43429448, it gives 0,3010300 for 
the logarithm of 2, which it is in fact in the common tables. 

113. If we wish to go back from the logarithm to the number 
itself, we may proceed thus. We have seen above, that, representing 
any number by a-\-z } we had 



£x X 2 T 3 T* V 

I(a4-x)=la4-l-— — -4— — 14-&C. 



therefore 



J(a4-x) — la=l — W = — -+-_ — __ +&c. 

v ' ' a a 2a 2 '3a 3 4a 4 ' 

a being an arbitrary number, but such that its logarithm may differ 
little from that which is given, and which is supposed to be the loga- 
rithm of a-\-x. For the sake of greater simplicity, let 



I 
'and we shall have 



(*r)~- 



x x 2 a: 3 x* 

It is required to obtain the value of - in terms of z. 

a 

Let us suppose that this value may be expressed by 

-=Az + Bz 2 +Cz* + Dz* + &,c. 

A 9 B, C, &c. being constant coefficients, which we wish to deter- 
mine. We shall therefore have 
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- = Az + Bz* 4- Cz* 



z or < 



X2 

2a* 



a; 3 
+ -— = 



A* 



2AB 



A* 



g-Z* — &c. 

jr- Z* &C. 

H — 3--**+ &c - 

^ 4 A, 



Now, in order that this equation may hold true, whatever be the 
value of z, it is necessary, 1st, that A = 1 ; 2d, that the sum of the 
terms which multiply each power of z in the other columns be zero. 
We have therefore, 

A 1 * _ _ ._ . 4 3 



B 



D 



a 



= 0; C-^B+ — =0, 
— AC+A*B—^ = 0; 



i. ^ - *-= 



whence we deduce 

B-X-J- C-l- l 

*~1.2' *~~~1.2.3* 24 ~ 1.2.3.4' 

and if we suppose a still greater number of terms in the series, such 
as E z 5 , jFz 6 , &c. we should find, in like manner, 

1 j? 1 * 



^""1.2.3.4.5 
we have therefore 

* _ a_ * 2 a_ * 3 a. * 4 



+ 



1.2 ' 1.2.3 ' 1.2.3.4 ' 1.2.3.4.5 ' 1.2.3.4.6.6 



1.2.3.4.5.6 



+ 



6 



V* + &C 



Therefore 



1 a a 



z* 



~~ l + 1 + 1. 2+ 1.2. 3+1. 2. 3. 4+ 1.2.3.4.5 + &C * 

To make use of this formula, we must take from the given loga- 
rithm, which is that of a-\-x 9 the nearest known logarithm, the num- 
ber corresponding to which we take for a. Then we shall have 

I ■ , or z, which may be substituted in the preceding formula. 



The result will be the value of 



* . 



; whence we may easily de- 



duce the value of a -|- z, since a will be known. 

As we speak here of the logarithms which have 1 for the modulus, 
if the logarithm given were of the nature of those in the common 
tables, we should nave to begin by reducing it, and also that which 
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we took for the logarithm of a, or merely their difference, to these 
logarithms, which might be done by the methods given (112). 

If we wish to know what is the number whose logarithm is 1, in the 

(a-\- x\ 
— l — 1, or z = 1, and 

we shall have 

^-i- Z = 1-4-1-4-— A 1 - 1 k&c. 

a ^ ^1.2^1.2.3^1.2.3.4^1.2.3.4.5^ 

which will be found = 2,7182818, confining ourselves to 7 decimals. 

The number whose logarithm is 1 is often met with in the cal- 
culus ; we shall meet with it hereafter, and it is for that reason that 
we have shown the method of calculating it. 

114. We may have another expression for a number by means of 
its logarithm. If, for example, x were the number given, and 
I x = z, we multiply the second member of this equation by I e, e be- 
ing the number whose logarithm is 1, and have Z z = z Z e, which 
does not effect any change, since I c = 1. Now the equation 
I z = zle is changed, by the nature of logarithms, into I x = I e z ; 
whence we deduce x = e* , because, the logarithms being equal, the 
quantities to which they belong 1 must be equal. 

But, agreeably to what has been said in article 113, if we have 



z 2 



J x = z % we have x = 1 -f- z -f- — — -f- &c. And as we have at the 
same time, x = c z , we shall have 

<, = 1 + z +T^+r^3+ i.afs.4 +&c - 

Remark. 

115. The method which we have employed to deduce the value of 

x x 2 

x from the equation z?= «--r+ &c. is called the inverse method 

a xa 2 l 

of series. It consists, as we have seen, in supposing the variable, 
whose value we would find, to be expressed by a series, in which the 
other variable has exponents in arithmetical progression, and each 
term an indeterminate constant coefficient. 

If we had several terms in x and z in the same equation, without 
having x and z multiplied together, we might determine the series of 
the exponents, by making the exponent of the first term of the sup- 
posed series, equal to the smallest exponent of the same variable in 
the given equation, and taking as common difference of the exponents 
of the same series, the greatest common divisor of the exponents of 
this same variable in the equation. If we had, for example, 

z* -f 3 z b 2 x — \ x 2 + f x a -f & c. , 
we should make 

x=Az$ + Bz + Cz*+Dz% + Ez 2 + &c. 

because the least exponent of z is §, and the greatest common divisor 
of the exponents $ and 1, of z, is -J. 
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But if x and z were multiplied together, it would be necessary to 
pursue a method, the detail of which does not fall within the limits 
of our plan. 

« 

Uses, of the preceding Approximations, in the integration of 

different quantities. 

116. As there are tables already calculated of the different 
parts of the circle, as well as of logarithms, when we have to in- 
tegrate any differential, which may be referred to the circle, or to 
logarithms, it will hereafter be unnecessary to reduce these dif- 
ferentials to series, as we may refer at once to those tables. We 
shall therefore now point out such of these differentials as most 
frequently occur, and show how the arcs of a circle, or the loga- 
rithms, which are their integral, may be determined. 

117. We have seen (98) that - expresses the element 

\ax — x2 t 

of a circular arc AM (fig. 40), of which a is the diameter and x 
the abscissa ; so that the integral of this quantity, or / — ~ 

*J \ax — x2 

is represented by the arc AM. Suppose, therefore, that it is, re- 
quired to find the value of this integral for a determinate value of 
x ; from CA or i a, we subtract the known value of a? or AP, 
and obtain CP. In the right-angled triangle CPM, we know the 
right angle, the hypothenuse CM= i a, and the side CP ; we 
may therefore calculate the angle ACM; and knowing the angle 
ACM or the number of degrees in the arc AM, and also its radius 
CM, it is easy to calculate the length of this arc (Geom. 294). 

118. If we had , A, g, p> and k being known 

\ gkx — px% 

quantities, we should render this differential similar to the pre- 
ceding, by dividing both terms of the fraction by y/p^~ which would 
give 

^ dx = J_ dx 

now if we had, as multiplier of d x, half of the quantity - — , by 

which x is multiplied in the radical, this differential would be 
similar to that of the preceding article; we therefore give it 



122 Integral Calculus. 

Pp m M dx \/ax-x2 ; therefore every differential having this 
form, or susceptible of being reduced to this by preparations simi- 
lar to those just pointed out, may be integrated by means of the 
half segment of a circle, whose abscissa is x and diameter a, a 
segment easily determined as well by the methods just laid down, 
as by those of elementary Geometry. 

If, for example, we wish to find the surface of the ellipti- 

b 

cal half segment AMP (fig. 47,) we have y = - V«* — * 2 ; 

wherefore 

ydx = d (APM)= . \/ax — x2 ; 

now d x s/ax—x2 expresses the element of the circular half 
segment APM', supposing a circle to be described upon AB, as a 
diameter ; we have therefore 

d(APM) = U(APM'), 

and integrating, APM= - APM', which gives 

APM:APM'::b:a; 
that is, the surface of the elliptical half segment, is to the surface 
of the corresponding circular half segment, as the less axis is to the 
greater axis ; whence it is easy to conclude that the whole surface 
of the ellipse is to that of the circle described on its greater axis, 
as the less axis is to the greater ; which we promised (107) to 
demonstrate. 

If, instead of reckoning the abscissas from the point A, (fig>4Q) 9 
we reckon them from the centre C, then calling CA, i a, and 

CP, x ; we shall have — d x */i a 2 x 2 for the element of the 

half segment APM, because then y =*/\ a * x 2 , and the seg- 
ment APM diminishes while x increases, which makes the diffe- 
rential of APM negative. 

The following is an example of a differential, to be referred 
to this form. 

122. Let it be proposed to find the surface of the elongated 
elliptical spheroid. The general formula for this kind of surfaces 

is — s/&x2 + &y2 (98) : now the equation of the ellipse is 

b 2 

y 2 = -^(t« 2 —x 2 ); 
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therefore 

y = 5Vprri5, and dy X J== 5 

therefore 



123 



cy t cb , |_ o b 2 z 2 rfz 2 

— V^^ + dy 2 = ~XVia2— ^X A [rfo? 2 +~ X ia2 _ x2 , 

or, performing the multiplication indicated, reducing, and raising 
d x 2 from under the radical, 



bdx | o o , b 2 x 2 cb 
ra V . 



frda; |ia 4 — a 2 
ra \ a 



X 2 + b*z 2 . 



a* 

now, if we call the distance CF to the focus F, k, (jig* 48), we 
have Jc 2 = i a 2 — \ b 2 , or 4 Jc 2 = a 2 — b 2 {Trig. 112) ; there- 
fore the element of the surface becomes 

c6_ ^ 

"" ,2 



bdx ha* — 

r a \ a 



ra 2 ¥ 



Dividing under the radical by 4 Zf 2 , and multiplying out of it by 

^ 7 i i 2 c 6 h d x IyW a 4 ., ^ 

its root 2 A:, and we have — . M^ x 2 , a quantity to 

which we must give the sign — to make it express the surface 
reckoned from the point A, because this surface diminishes in pro- 
portion as x increases ; thus we have 

2 cb Icdx L^- a* 

V^ 2 s & * 2# 

Comparing this with — dxy/± a 2 z 2 > which we have just found 

to be the expression for a circular half segment, whose radius is 

£ a, we shall conclude that the integral of — dx —^ x 2 , is 

la 2 
•a circular half segment OM'P, whose radius is *-r — , and whose 

abscissa taken from the centre is x, plus a constant quantity. 

la 2 
Therefore, if with a radius 00 = *-]—, that is, a third propor- 
tional to CF and CA, we describe the circle ONR, we shall have 

therefore 

*_***** JCT— _«£»» x 0PM , +^± xa 

•/ ra 2 \h 2 ra 2 r a* 



1 
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In order to determine the constant C, we roust observe, that 
the surface sought, having its origin at the point A, must be zero 
at that point ; but, at the point A, the half segment OPM' be- 
comes OAN', we have, therefore, 

2cbk - .. r , 2cbk _ 

= T*T X 0AN+— 2 XC; 
whence we deduce C= — OAN; therefore the entire integral is 
2 _£|* x 0PM<- 2 -£±X OAN,<x^-{OPM>- OAN), 
or finally 

^ (APWN). 
Therefore the surface of the half spheroid will be 

± a 2 g k 1 

or, since CO = ^r-, and consequently —^ = -07?^, this surface 

e b c CD 

will be - X 2£0 XACRN, or -X gg X ^ORtf; and that of 

the whole spheroid is double of this. 

The mode of determining the radius CO is very simple. From 

the point C, as a centre, and with the radius CA, we describe the 

arc AL, cutting in L, the line FL perpendicular to CA from the 

point F ; we produce CL until it meets at N the perpendicular 

AN drawn from the point A ; this gives CN for the value sought 

la 2 
of CO, or =r~; for, the similar triangles CFL and CAN, give 

CF: CL:: CA: CN, 

or k : i a : : £ a : CN = ^r = CO. 

We may make use of the above result in measuring the surface 
of the hull of ships, which may be compared to the surface of an 
ellipsoid even more properly than their solidity can to the solidity 
of the same ellipsoid. The whole operation consists ia calculating 
the angle ACNof the right-angled triangle ACN> of which vt? 
know two sides and the right angle. Thus the angle NCR be- 
comes known, and we may easily deduce from it the surface of the 
sector NCR, to which adding that of the triangle CAN, we have 

c CD 

ACRN, which we have only to multiply by - X -frfr Whto we 

have found the surface of the hull, by multiplying it by the thick- 
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ne& of the sheathing, we obtain the solid contents of the volume 
by which the hull is increased by sheathing. s 

-f- 123. With regard to the quantities which are immediately re* 
feited to logarithms, they are those in which the proposed differen- 
tial is, or may be made to be, a fraction, whose numerator is the 
differential o( the denominator, or this differential multiplied or 
divided by a constant number. 

When the numerator is exactly the differential of the denomi- 
nator, the integral is the logarithm of the denominator. Thus 



/ 



%% dx . , n . . , _, 
= Z(a 2 +a? a )-f C. 



a* + z* 

But when the numerator is the differential of the denominator, 
multiplied or divided by a constant number, the proposed differ- 
ential must be decomposed into two factors, of which one shall be 
a fraction having for its numerator the exact differential of the 
denominator, and the other a constant number. Then the integral 
will be the logarithm of the variable denominator, multiplied by 

ax 2 dx 

differential of a 2 — | — a? 3 is 3 x 2 d x, the differential must be so pre- 
pared as to have 3 x 2 d x, in the numerator. To this end, we 
write it thus : 

a *Sx 2 dx . i. fl 7/„. «s.^i 

3 • ^f7a> whose ^tegral is § * (« 3 + * 8 ) + C. 

In like manner 



the constant factor. For example, to integrate <<3 _ It j- l as the 



/'—=f—. ~ ldz _ i(a x) i 
a — x J — 1* a — -x * '' 



C 



== — l(a—x) + C = ll — l(a—x) + C = l-^—+a 

I 

So 

Finally, 

/%x*~ l dx /*a nbz*— l dt 
k + bz* ~~J bn ' k + 6 z*~ 

= £j(k+bx*)+C^l(lc+bx n )T-n+a 
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The following is an example of the manner of determining 
these integrals, in numbers. Suppose that it is required to find 
the value of I (a + oc), (a being 5,) when x is 2. It is then I 7 
which we wish to find. We take the logarithm of 7 from the 
common tables, which is 0,8450980; we then multiply it (112) 
by 2,30258509, or 2,3025851, and obtain 1,9459100 or 1,94591 

dx 
for the value of I (a -(- x) or of the integral of -rr- , when a = 5 

and x — 2. 

We sometimes meet with differentials which are integrated directly 
by logarithms, although they cannot be prepared like the preceding. 

dx 
For example. , — is of such a kind. We sometimes suo 

ceed in giving them the form of a logarithmic differential, by multi- 
plying them by such a function of x that the product may become 
the differential of this function, or that differential multiplied or di- 
vided by a constant number. If then we divide .by this function, the 
differential would evidently become a logarithmic differential. Ap- 

d x 

plying this observation to . , we multiply it by x -|- ^/ X 2 — ] , 

and we have , -\-dx, which is the differential of x + */*2— ■! ; 

so that we have 

d , *dx 

J *Jx2— 1 J X + s/ x 2—\ ' ^ ' » 

dx 
We shall also find the integral of , , by first multiplying 

d x ^/ i 

both terms by y/ — l, which gives — y , whose integral, as we 

have just seen, is \/— l I i x + V**— l) -f- C. 

124. In art. 82 we promised to explain how it happens that 

the fundamental rule for the integration of simple quantities gives 

dx 
an infinite quantity for the integral of — , while this integral is 

expressed by I x, or at least I x-{- C. 

The integral of — may be finite or infinite, according to the 

portion of it which we choose to take. To illustrate this, we first 

observe that to take the integral of — , is nothing else than to 
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square tbe common hyperbola, considered with reference to its 
asymptotes. For the equation of this curve is 

a?y = a a , or xy = 1, 

.if we suppose for the sake of greater simplicity , that a=l. Now, 

1 
from this equation we deduce y = — ; wherefore y d x, tbe ele- 

dx 

ment of the surface, becomes — : if therefore we wish to have 

x 

the space reckoned from the asymptote AZ (Jig. 49), the inte- 

dx 
gral of — , or 7#-|- Cmust become zero, when the point P falls 

upon the point A, or when x = ; in which case, therefore, we 
have I -f- C = 0, and consequently C = — Z ; therefore the 

integral is I x — lOorl^; that te, the space ZAP MO reckoned 

from the asymptote is infinite, Z and V being considered as the 
extremities of the asymptote and of the corresponding branch of 
the hyperbola ; in which there is nothing surprising. 

But if, the point O being the vertex of the hyperbola, in which 
case the corresponding abscissa AN = 1, we wish to find tbe 
space reckoned from the point N, the integral / x -f- C must be- 
come zero, when the point P shall fall upon the point N, or when 
x = 1 ; we have therefore 1 1 + C = 0, and consequently 

C = — 11=0; 

wherefore the space NOMP is expressed by I x. 

We see from this, 1st, that the logarithms immediately resulting 
from calculation, express the hyperbolic spaces comprehended 
between the asymptote of the curve, and reckoned from O the 

dx 
vertex of the curve; 2d, that if the integral — or a? -1 d x is 

infinite when found by the fundamental rule, it is because it ex- 
presses the space reckoned from the origin of the asymptotes. 

125. As an application of integration by logarithms, let it be 
proposed to explain and apply the principles of the construction 
of reduced Maps.-f 

These maps have been invented in order to facilitate the laying 
down courses in navigation. The course, at least ibr a certain 

t Maps on Mercator's projection. 
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time, is constantly on the same rhumb, and consequently makes 
constantly the same angle with each meridian which is successively 
crossed. Whence it follows, that if we wished to trace this 
course on a common map, in which all the meridians tend towards 
the same point, we should find it a curve line, and consequently 
very inconvenient for the operations which it is necessary to per- 
form. It has been found better to represent the meridians by 
parallel straight lines, in order that the course which makes a 
constant angle with these meridians may be a straight line. 

But, supposing that AMP,amP, (fig. 50), are two meridians; 
A a, a portion of the equator comprehended between these two 
meridians, and M m the corresponding portion of any parallel ; 
we see that the interval M' m', (fig. 51), which represents the 
arc M m, is of the same magnitude as A' a', which represents A a, 
the corresponding portion of the equator ; although Mm is smaller 
than A a, in the proportion of P' M to CA ; which may be easily 
shown by drawing MP', m P', AC, and a C, perpendicular to CP, 
for these lines form with the arcs A a and Mm, the similar. sectors 
CA a and PMm. 

To compensate for the increase given to M m, by representing 
it on the map by M'm', we represent the latitude AMbj a line 
A'M', longer, when compared with A! a' than AM compared with 
A a, in a certain ratio. And it is this ratio which it is now pro- 
posed to ascertain. 

Let therefore Mand JR be two points infinitely near each other 
upon the meridian AM; Mm, Rr the corresponding portions of 
two parallels. If we wish to represent Mm,Rr by the lines 
M' ml, R' r / , equal to the line A' a', whiph represents A a, and 
still preserve the same ratio between the parts of each parallel, and 
those of the meridian, we must make the infinitely small interval 
M'R', which separates M ' m' and JR' r f , as much larger than MR 
as Mm is smaller than A a, that is, we must have 

M'R : MR ::Aa: Mm :: CA: P'M : : the radius is 
to the cosine of the latitude AM. 

If, therefore, we call the latitude AM, s, the straight line A'M, 
which represents it on the map, and which is called the Increasing 
latitude, will be indicated by s'. Take the radius CA or CM= 1 ; 
CP' or the sine of the latitude AM =x: we shall have 



Reduced Maps. 129 

P / M=Vi-*2; MR = ds = - r =!L= ; for 

VI— a* 

P'M : CM : : tR : MR, or\/i — ** : 1 -' : da? : 7/|=- 
But P'M : CM : : MB : MR' ; 

therefore \/i — *a : 1 : : 7/== : ds* = 1 _ 2 . 2 • 

It is therefore necessary, in order to obtain j 7 , to integrate the 

d x 
value of df, that is, ,_ a , Now, we have seen (111) that 

2adz a-\-x 

~2 » resulted from the differentiation of I ; therefore 

a* — x* a — x 

2dx 1 + 2 

i 2 results from that of It~ZT~ \ an d consequently the integral 

°f i j, which is one half of -z ■=-, will be i I -z , we 

I — x 2 7 1 — x 2 1 — x 

j shall therefore have 

* 1— * Vl — x 

an integral to which there is no constant quantity to be added, 

h j_ x ~ 
because when x=0,l ]j-±- — becomes log*/T=l. 1=0 ; now 

j 7 , or the straight line A'M*> must in fact be in that case zero, 
because the arc AM, which it represents, is zero when a? is zero. 

It may be now observed, in order to render this expression 
more convenient, that the radius is the sine of 90°; and since by 
x we have understood CP' f or the sine of the latitude AM, we 

shall have, instead of sf = I I ' % , this equation, 



,_. a [ sin 90°+ sin A M 
S ~ l0g ^sin 90° —sin AM ' 
Now,(Tr%. 28), 

sin 90° + sin AM _ tang (45° -f-£ AM ) 
sin 90° _ sin AM ~ tang (45° — £ AM) 9 
therefore 



•_w h g - (45 ° + 



hAM)' 

But {Trig. 9), (tang 45° — £ AM) : 1 : : 1 : cot (45° — iA3f). 

17 



1 
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Moreover, cot (45° — J AM) = tang (45° + J AM), because 
45° — i AM is the complement of 45° + £ AM, since 

45° —iAM= 90° — 45° — i AM ; 
we have therefore 

tang (45°— -J AM) : 1 : : 1 : tang (45° + £ ^LUf ) ; 
therefore 

tang (45° -*AM)= Ung {4& *\ ± AM) • 

Substituting in the expression for *', we have 

^ = log Vtang (45° -f £ AM )* == log tang (45° + i AM) 

==log. cot (45° — iAM). 
Now 45° — i AM= half of 90° — AM, which is the comple- 
ment of the latitude ; we have therefore the increasing latitude 
$* =log. cot (£ the complement of the latitude). 

We therefore take, in the common tables, the logarithm of the 
cotangent of half the complement of the latitude, and, having 
multiplied it (112) by 2,30258509, the product will be the in- 
creasing latitude expressed in parts of the radius. 

But, as it is more conveninent to have the increasing latitude 
expressed in degrees, it may be thus determined. We found 
(110), that the length of the semicircumference of a circle, whose 
radius is 1, is 3,1415926, &c. This number, divided by 180, 
gives 0,0174533 for the length of a degree. We have therefore 
only to find how many times this number is contained in the in- 
creasing latitude which has just been determined, that is, to divide 
the increasing latitude by 0,0174533 ; the quotient will express the 
increasing latitude in degrees. We obtain therefore the increasing 
latitude in degrees, by the formula 

2, 30258509 X log, cot ( £ co. latitude) 

0,0174533 " 

But, by dividing 2,30258509 by 0,0174533, we obtain, as quo- 
tient," 131,9283 if we confine ourselves to four decimals. There- 
fore, to obtain, in degrees, the increasing latitude, we must take 
from the common tables the logarithm of the cotangent of half the 
complement of the latitude, and multiply it by 131,9283. The 
product will be the number of degrees and parts of a degree of the 
increasing latitude. 

If, for example, we wish to find the increasing latitude corre- 
sponding to 40° of simple latitude, we take half the complement of 
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40°, that is, half of 50° or 25°, , The logarithm of the cotangent 
of 25° is 0,3313275,1 which, being multiplied by 131,9283, gives 
43,7115, that is, 43°,7115, or 43° 43'. It is thos we may calcu- 
late tables of increasing latitudes. 

126. It is by a calculation nearly similar, that we determine the 
difference of longitude, when we know the difference of latitude 
and the course. The following is the manner in which it is ob- 
tained. 

Let OQM (fig 52) be the course, Q the point of departure ; 
OA the equator ; AMP and amp, two meridians infinitely near 
each other. If we imagine the arc Mm parallel to the equator, 
the infinitely small triangle m Mr will be rectilineal and right- 
angled at m ; we shall consequently have 

1 : tang mr M : : m r : Mm = mr . tang mrM, 
supposing the radius = 1. If, now, we compare figure 52 with 
figure 50, we have, agreeably to what we have already seen in the 
preceding question, Mm : A a : : cos lat : 1, that is, 

mr X tang m r M : A a : : cos lat : 1. 

If we call the sine of the latitude AM, », its cosine will be 
^TIZx2. The arc mr } which is the difference of the two latitudes 
a r and AM will be the differential of the arc AM, and will 

dx 
have for its expression ,- — - (125), If we represent, more- 
over, by a, the angle Mrm> which the course makes with the 
meridian, or the rhumb, and by z, the difference of longitude 
BA, which" gives A a = d z ; the proportion just found is changed 

into 

. , tang a .dx - dx 

*J\— X * : 1 : : — , : dz = tang a X i 5. 

But we have just seen, in the preceding question, that the integral 

dx 7 1 -4-x 

of -= 5, was £ I j—r- ; we shall therefore have 

X * '■ 1 X— X '■ X 

1 4- X 

z=£ tang a . 7 -7-*- — I- C. 
* ° 1 — x .' 

To determine the constant C, we observe that when z = 0, that 

is, at the point of departure, the latitude AM becomes the latitude 

t As we have supposed the radius equal to unity, the logarithms of 
tangents must be diminished by the logarithm of the radius, which 
is 10,000000 ; that is, we must take away the characteristic 10. 
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of departure 2?Q. Let t represent the sine of this latitude. The 
constant C, then, must be such, that, substituting t for x, we may 
have z = 0. We have therefore 

0=£tanga.Z jzr t + C, 

and consequently 

7 l + < 
C = — i tang a . I j-^y • 



Wherefore 



= i tang a . I j^ — i tang a . I y^- 



By reasoning precisely as in the preceding question, we shall 
find \j-^- — is reduced to cot Q- complement of AM) ; and for 

the same reason |t~^-- is reduced to cot (£ complement of 

Z?Q), wherefore, the difference of longitude or z = tang a . (fog*, 
cotf (£ co. Zaf. of point arrived at) — log. cot (J co. lat. of point 
of departure) ; which furnishes a very simple rule for finding the 
difference of longitude, either by the tables of increasing latitudes, 
ov by the reduced maps, whatever may be the course. 

By the Table of Increasing Latitudes. 

Find the increasing latitudes corresponding to the latitude of 
the point arrived at, and of the point of departure. Take the 
difference of the latitudes thus found, (or their sum, if the lati- 
tudes are of different denominations), and multiply it by the tan- 
gent of the course ; you mill have the difference of longitude in 
degrees, minutes, and seconds. 

By the Reduced Maps. 

Find upon the meridian the latitude of the point arrived at, and 
that of the point of departure. Draw, through the extremity of 
.each, a perpendicular meeting the course proposed. The difference 
of these two perpendiculars, applied to the scale of longitude, wiU 
give you, in degrees, minutes, fyc. the difference of longitude. 
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Indeed, -4Q, (Jig. 53) being the meridian; OL the course; 
-4Q, AP the two increasing latitudes ; PQ or JRTis their differ- 
ence ; now, in the right-angled triangle SRT, we have 

1 :tang TRS : : RT : TS; 
therefore 

TS=RTx tang TRS; 
now iJT is the difference of the two increasing latitudes, and the 
angle TRS is equal to the angle made by the course with the 
meridian. 

The curve line QM (jig* 52), which marks the course of the 
vessel on the surface of the globe, is called the Loxodromic. 

In whatever part of the course we suppose the point Jf, the 
triangle Mrm has always the same angles, since the angle mrM 
is always the same, and the angle m is a right angle. There is 
therefore always the same ratio between M r and to r, as between 
the radius and cosine of the angle Mr m, which we have called 
a. Therefore the number of leagues in the distance QM, is to 
the number of leagues made in latitude, that is, the number of 
leagues in IM, as radius is to the cosine of the course. This 
serves to determine the difference of latitude, when we know the 
course and distance in leagues. The same proportion serves to 
determine the course, when we know the difference of latitude 
and the distance in leagues. 

On the manner of reducing, when it is possible, the integration of a 
proposed differential, to that of a known differential, and distin- 
guishing in what cases this may be done. 

12S. We shall explain only the method for binomial differentials ; 
it will afterwards be easy to apply the principles to more complex 
differentials. 

Let us suppose, at first, that the proposed differential is 

Ai» dx (a + bz*)P , 

and that z?*dz (a-\-bx*Y is that on which it is to depend, (or that, 
to the form of which we would reduce it) ; that is, let us suppose 
that the two exponents of the binomial are the same. 
We shall suppose 



/• 



hx* d x (a + b x* y = (a+ bz* P+ 1 (A z* + B z* + «+ Cz* +** 

+ Px k + t 9)+J 9 Rx^dx(a+bx*)P; 

Tc and q being unknown exponents; t a positive whole number; 
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A f B f C, P, R, &c. constant coefficients, also unknown. Differen- 
tiating, we have 

hz* dx(a-\-bz n )p 
= (p-\-l)nbz»- 1 dz(a + bz»)p(Az k + Bz k +9 + Cz*+*i . .. 
+ Pz*+t9) + (a-\-bz*)P+i(kA% k - l dz+(k + q)B.x k +9- 1 dz 

4-(*+2g) Cz k +**~idz + (k + t q) P zt+'i-id z) 

-\-Rz m dz(a-\-bz» y , 

or dividing the whole by (a -{- b z n y d z, we have 

hz' = (p + l)n&z»- 1 (;lz*+JBz*+*-fCz*+ 2 * -j-l'x*^?) 

-f(a + 6z») (k A**-* + (k+q) B zK+i- 1 + (k +2 q) Cz*+%- 1 
+ (k+ tq) P zK+t*- 1 ) + R z m . 

In order that this equation may be still true, independently of any 
value of z, it is necessary, that after the multiplications and transpo- 
sitions are performed, the sum of the quantities which multiply the 
same power of z be zero ; it is by this condition that we determine 
the coefficients A, B, C, &c. But, that this may take place, the 
nnmber of powers of z, which enter into this equation, must not 
exceed the number of these coefficients. 

Now the number of coefficients, as may be easily seen, is t + 2; 
let us therefore find the number of the powers of z. In order to that, 
we must determine 1c and q. 

They may be determined thus. 1c — 1 is the least indeterminate 
exponent found in the equation ; we make it equal to m or to s, ac- 
cording as m or 5 is the least exponent. The greatest determinate 
exponent to be found in the equation is, as may be easily seen, 
1c-\-tq-\-n — 1 ; we make this equal to s, if we have made 

k — 1 =m; 

or to *», if we have made k — 1 = s. 

Let us suppose k — 1 = m, we shall therefore have 

k-\-tq-\-n — 1 = $ 

This done, that the equation may not contain more powers of z, than 
there are indeterminate coefficients, the coefficients of z in this 
equation must form an arithmetical progression whose difference is 
q t which cannot fail to be the case, since we have supposed 

1c — l = i», 1c-\-tq-\-n — l = s, 

and t a positive whole number. Now the greatest term of this pro- 
gression being 1c-\-t q-{~n — I, and the least, 1c — 1, we easily find 
(Alg. 230) the number of terms of this progression to be 

k + tq + n — 1 — k+1 tq + n 

— ! — ±—J » l l or - i - j h 1 ; 

q q 

t o A- n 
therefore * ~ + 1 = t + 2 

9 
and consequently q = n ; substituting for q and k, their value, in the 

equation k-\-tq-^-n — 1 = 5, we have tn-\-m-\-n=. s, and con- 
sequently 



j 
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5 — m — n s — in 

n n 

wherefore the reduction of one differential to another will be possible, 
if the difference s — tn of the exponents of z out of the two bino- 
mials, divided by the exponent of z in the binomial, gives a positive 
whole number, we then suppose, in the original equation, 

x 8 d x (a -}- b x n y 

-f- t P&-*+ 1 ) + fRx m dx(a+bx*.Y; 

and, in order to determine the coefficients, A, B, C, P, R, &c. after 
having differentiated, divided by (a-\-bx n y dx, and performed the 
operations which are indicated, we transpose the whole to one side 
of the equation, and make the sum of the quantities, which multiply 
each power of z, equal to zero, which will give as many equations as 
there are undetermined coefficients. 

129. But if we pay attention, we shajl find, that when 

fx* dx (a-\-bx n y 

depends on ji^dx (a-{-b x n y , reciprocally, the latter depends on 
the former ; now, proceeding as above to reduce 

fx™dx (a + b x n )p to fx 8 dx(a^-bx n )P , 
we should find that 

= a positive whole number, 

n 

and that we must suppose 

Jx*dx (« + 6z» )p 
= ( a -f bx* y+* (A z'* 1 -}- Bx°+"+ l + &c. -|- Pz»-*+i ) 

-f CRx 9 dx (a-\-bx*y , 

S ^™~ " Tit 

therefore, whether s be greater or less than m, provided that , 

Tfl -~~ S 

or , gives a positive whole number, we may always reduce one 

of these differentials to the other by substituting for the first expo- 
nent of * in the series Ax k -|- JBz*+9, &c. the least of the two 
exponents m and s, increased by unity, and taking for q the exponent 
of z in the binomial. 

For example, if we wish to reduce 

x i dx (b 2 — xrf todx (b 2 — x*)$, 

which depends on the quadrature of the circle ; we see that s — m 

is here '4 — 0, which, being divided by n, that is, by 2, gives 2, a whole 

number ; the reduction is therefore possible ; and since the formula 

s ■"■*- tn 
t = 1 gives * = 1, and as moreover the least exponent 

massO, we substitute 1 for &; we then make 
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fe dz{b* — z*)$ = (b* — zrf(Ax + Bz*)+J*Rdx(b*—x*)t, 



differentiating, dividing by (ft 2 — z 2 )*dz 9 and transposing, we have 

Q = Ab* — Az* — 3J3z* 

-f R + 3Bb*Z*—Z* 

— SAz* _3J5x*, 
whence we deduce 

— 6 B — 1 = 0, — 4 A + 3 B b a = , A b * + R = 0, 

wherefore, 

JB=— £,4 = — £&*, #=£&*; 
therefore 

* Jx* d z (b 2 — z 2 )* 

It is therefore easy, by this method, to find the differentials which 
art referred to a given differential, and consequently those which are 
referred to the quadrature of the circle, of the ellipse, and the hy- 
perbola, differentials of which it is easy to find the different expres- 
sions, by means of the different equations of these curves. 

130. We may here take occasion to observe, that this method 
shows also the binomial differentials which are integrable ; indeed, to 
find, among such binomial differentials, as h z* dz (a-\- b x* )p , those 
which are integrable, is to find those which depend on 

Rx n — 1 dz (a-[-bz n Y , 

which has been found (90) to be directly integrable ; now it results 

from what is laid down (128) that — must be a positive 

whole number, that is, that 

—±- = a positive whole number, 

which agrees with what has been said (91). 

131. Let us now suppose that the two binomials which enter into 
the differentials in question, have different exponents, so that the 
proposed differential is h z* dz (a -(- b z* ) r , and that, to whose form 
we wish to reduce it, is z m dz(a-\-bz n )p ,p having a numerical 
value less than r. If r is positive, we change the differential 

hz* dz (a-\-bz*) r into k x 8 d z (a -J- b z n ) r -P X (a + 6i»)?. 

Then if r — p is a positive whole number, we may reduce 

hz° dz (a + 6z n ) r ~P(a-{-bz n )p 

to a series of terms of this form 

(it / a^ + JB / a;* + *+C / ^+ 2r +&c.)rf2:(a-f bz*y , 

of which each may be reduced to the form z m d z (a -(- b z n y by the 
preceding method, if s — m can be divided by n, and to reduce the 
whole to that form, we must follow exactly the method there given, 
taking for the quantity which was there called s the greatest expo- 
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nent of x in the expanded value of 

kx* dx {a -\-b xn ) r — J>. 
If we had, for example, 



Jx 2 dx(b 2 — x 2 )% to reduce to fd x (b 2 — x 2 ) 2 , 
we should change jx 2 dx {b 2 — x 2 y into 
fx 2 dx(b 2 — x 2 ) (b 2 — x 2 )^ or f(b 2 x 2 dx— x* d x) (b 2 — x 2 )^ 9 



* 



then what we have to take for s, is 4. We suppose, therefore, con- 
formably to the method, 

\b 2 x 2 dx—x*dx) (b 2 —x 2 )$ 
= (b 2 _ Z 2)f (A x _|_ b x*) + j*R d x (b 2 — sx 2 )$ 

If, on the contrary, the value of r is negative, the differential, to 
which the proposed differential is to be referred, must be prepared 
thus, z^dz^a^-bz* )?— r X (a-\-bz n )p ,then, if p — r is a whole 
number, as it will necessarily be positive (since we suppose r nega- 
tive and greater than p, whatever be the value of p) we may reduce 
x™dx ( a -|- b x n )p— r (a + bx n ) r to a finite series of terms of this 
form, (4 / z + B'z m + n -\- C^+^+fcc.) (a + b x n ) r , we may 
then proceed as if it were required to reduce this last to the form 
x a dx(a-\-bx n ) r f thaX is, we may proceed in a manner precisely 
similar to that to be followed in the case when r is positive. 

If it were required, for example, to reduce 

g 7T 2 dx(a 2 -\-x 2 )- 2 todx(a 2 -{-x 2 )- 1 or 2 . 2 , 

which (110) is integrated by means of an arc of a circle, of which x 
is the tangent, and a the radius, we should change dx (a 2 -j-x 2 )-* 
into (a 2 -|- z 2 ) dx (a 2 + z2 )~ 2 > and, as the least exponent out of the 
proposed binomial is 2, we should suppose 

fjR (a 2 + x 2 ) dx (a 2 + x 2 )- 2 

= (a 2 + z 2 )-i (4 ar i +Bx) +Jg zr 2 dz (a 2 + x 2 )~ 2 . 

And we should proceed as above to determine the coefficients, A, B, 
and R. Then, by transposition, we should have the value of 
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gx~ 2 dx(a 2 + x 2 )~ 2 y 

in which we should afterwards reduce 

R (a 2 + x 2 )dx (a 2 -f- x 2 )~ 2 to R dx (a 2 + x 2 )~K 

On Rational Inactions. 

132. Every rational differential fraction is always integrable either 
algebraically, or by arcs of a circle, or logarithms, or all these means 
united, or by only two of them. 

They are always integrable algebraically, when they have no vari- 
ble denominator unless it be a simple quantity, excepting only the case 

18 
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in which the denominator is raised no higher than to the first power, 
as we have already seen (82). 

It remains for us therefore to show the truth of our assertion, in 
the other cases ; that is, when the proposed differential has a rational 
complex denominator. 

We shall suppose that the variable in the numerator of the proposed 
differential fraction is of a lower degree than in the denominator. 
If this were not the case, we should make it so, by dividing the nu- 
merator by the denominator until the remaining power should be less 
than in the denominator. For example, if we had to integrate 

x 3 d x 

, we should begin by dividing x 3 dx by a 2 -j-3 a z-\-x 2 ; 

a "i "«j a x I x 

we should find x dx for a quotient and — Sax 2 dx — a 2 x dx for 

a remainder ; we should again divide this remainder by the same 

denominator, and find — Sadx for a quotient, and 

+ 8a 2 xdx + $a*dx 

for a remainder ; then instead of n , ■ : . we should take 

a2 -|-3ax-^-x2 , 

j o j . 8a 2 xdx + Sa Q dx 

xdx—*vadx4 —— l — . . 

~ a 2 +Sax + z* 

In order to discover by what means vie may integrate rational dif- 
ferential fractions, we recollect that the differential of the logarithm 
of a quantity, being the differential of (hat quantity divided by the 
quantity itself, that is, being always a fraction, it is very natural to 
suspect that the integration of rational fractions often depends on 
logarithms. Let us take, for example, 

2a/(a-|-i)-2fl/(2fl + i); 

differentiating, we have 

2adx 2adx 

'a -f- x 2 a-\-x i 

or, reducing to the same denominator, 

2a 2 dx 



2 a 2 -\- 3 a x -\- x 2 

Now, it is evident that, in order to integrate this fraction, we have 
only to decompose it into two fractions, one of which shall have 
a~f- x > and the other 2 a -\-x for a denominator. The numerators 
will be constant numbers multiplied by dx; these two fractions 
would then be integrated by logarithms. 

133. It is therefore very natural to endeavour, in order to integrate 
fractions of this kind, to decompose them into as many simple frac- 
tions as the denominator has factors, each one of which shall have 
for its denominator one of these factors. This, indeed, is the method 
which we may and must pursue, when all the factors of which the 
denominator may have been formed are unequal. 

134. But when, among the factors of the denominator, there are 
any which are equal to each other, then we are not to expect that 
the method should be successful, because the integral cannot en- 
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dx 

tirely depend on logarithms. If, for example, we had, / , . , 

(a + x) 

whose denominator has two equal factors a + x and a + x, we should 
find (88) that the integral of this quantity or of its equal 

dx(a-\-z)~2 is — (a + z)-i + C, 

which does not depend on logarithms. But we see, at the same time, 
that if we should differentiate such a quantity as 

a 2 
— (- 2 a I (a + x) + 2 a I (2 a + x) — a I (3 a -j- x), 

a "j* x 

we should hare 

— a 2 dx 2a dx • '2ad x adx 
(a + x) 2 "*" a + x *" 2a + x~ 3a + i' 

or 

(2ax-f-a 2 )dx 2arfx adx 

T\ 2 T 



( a -j_a;)2 r"2a-|-x 3a+x' 
or, reducing the whole to a common denominator, 

10 a* dz + 26 a 3 x dx + 17 a 2 x 2rfs-|-3 as 3 cfz # 

(a + x)2(2a-f-7)~"(3 o+^) ' 

a fraction which, in order to be integrated, would only require to be 
reduced to 

2ax-(-a 2 2 a dx adx 

(a+x) 2 Z + 2l+l~3fl + i' 

that is, to be decomposed into three fractions, of which the first 
should have for its denominator all the equal factors, and in its nu- 
merator all the powers of x less than the highest power of the de- 
nominator. The other two fractions should have each, for its denomi- 
nator, one of the unequal factors, and no power of x in its numerator. 
In this manner every rational fraction may be integrated ; and we 
proceed in this manner, at least when there are no imaginary factors 
m the denominator ; which case will be examined hereafter. 
mi_ (a + bx + cx 2 + . . . . kx n — 1 )dx 

rhUB 7ifcp& >gT* + ....r£). ' re P resenUn *> in ■•- 

ral, any rational fraction ; if we suppose the denominator to have a 
number m of factors, equal to x+g y a number p of factors, equal to 
* -J- A, &c. and any number of unequal factors, represented by x -(- i , 
x -|- 0, x -|- r, &c. the proposed fraction will be 

(a + bx + cx 2 + . . . . lcx n — l )dx 

(x+g) m (x~+h)P X &c. (x-f i) (x + q) (x + r) &c? 

In order to integrate this fraction, we must suppose it equal to 

Ax^- l dx + Bx m - Q d x . . . + Rdx 

(* +g) m 
, A'xP-*dx + B'xP-*dz + . . .R'dx 

-4 L_ -— - ! &C. 

• (x + ky ' 

, Ldx , Mdx , Ndx , „ 
x-j-i ■ x + q ' x + r ' 
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A, B, C 9 &c. being constant and undetermined coefficients. If, then, 
we can by any means determine these coefficients, it will be easy to 
find the integral. This is evident in the case of the simple fractions 

Ldx Mdx Ndx . 

— r— .. — : , — ; — , &c. of which the integral is 

s-f-t' x-±q ' x-\-r 6 

L I (x + 1), Ml (x + gr), iV I (x -|- r), &c. As to the fraction 

ix"- 1 ^-)- Bx 1 *-' 2 dx-{-. ..Rdx 

(*+g) m ; ; 

we take, for the sake of greater simplicity, x -|- g = z, which gives 
x = z — g, and dx = dz. By substituting these values, we reduce 
the whole to a series of simple quantities easily integrated, one only 

dz 
of which will have the form — , that is, be integrated by logarithms. 

z 

In like manner, for the terms 

A'xv-*dx + B' x?-*dx R'dx 

—-, — ; — 7T > we take x -4- h = z • 

(x-\-h)v ' ' 

There thus remain only two things to examine ; the first is how to 
find the factors of the denominator of the proposed differential frac- 
tion ; the second, how to find the undetermined coefficients. 

135. To find the factors of the denominator, we proceed as we 
should to resolve the equation produced by setting the denominator 
equal to zero, since (Alg. 184) to resolve an equation is to find the 
binomial factors, by the multiplication of which the equation was 
formed. Thus we must employ the methods given (Alg. 185, &c.) 

136. As to the manner of finding the coefficients A, B, C, the way 

which offers itself as most natural is to reduce all the fractions in 

which they occur to the same denominator, then both members of the 

equation formed of the proposed fraction and these new fractions, 

having the same denominator, we may suppress this denominator, and 

having transposed the whole to one side of the equation, we shall find 

that, in order that the equation should be true, independently of any 

value of x, the sum of the factors, which multiply each power of x t 

must be equal to zero. This condition will give as many equations 

as there are undetermined coefficients, and by means of them the 

coefficients may be determined. The following are some examples. 

d x d x 
Let it be proposed to integrate — ; we suppose f 

A dx B dx 

= — ; , since the two factors of the denominator are 

a -\- x l a — x 

a-\-x and a — x, then reducing to the same denominator, we have 

dx (Aa~Ax + Ba4-Bx)dx 
fl2 _ x 2 = ^ZTi2 " — > suppressing the common 

denominator, dividing by d x, and transposing, we have 

1+Az 

— Aa — Bx 

— Ba 
wherefore 1 — A a — Ua=0, and Ax — 2Jz = 0; from the last of 
these we have A = J5, wherefore, the first becomes 
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1 — A a — Aaz=0,or 1 — 2Aa=0, 
whence A = =- , and B = ^- ; we have therefore 

1 A X A 

ax - — dx 



dx 2a . 2a 

+ 



a 2 — x 2 a-\-x* a — x' 
of which the integral is 



/ 



dx == i-/(a+x)-l/(a-x)+e=l ip^ + a 



a 2 +x 2 2a v ' ' 2a v ' ' 2a 

Let us take, as a second example, the fraction 

10a*dx +26a 3 xdx+17 a 2 x 2 dx +3ax* dx 

(a + x)3(2fl+2)(3a + z) 

a 2 
which was found (134) by differentiating — — — + 2 a I (a + *) 

-f^ 2 a 7 (2 a -}- x) — a / (3 a -|-x), we shall then suppose 

10a*dx + 26a*xdx-{-1 7a 2 x 2 dx + 3ax*dx 
(a+x) 2 (2a + x) (3a + x) 

— (^s + .B)a *3 C ^ *>«** 

~~ (a + z) 2 + 2a + x + 3a + x' 
reducing to the same denominator, suppressing the common denomi- 
nator, dividing by dx, and transposing, we have 

10a* + 26a 3 z + 17 a 2 x 2 + 3a x 3 

— 6J3a 2 — 5JBax — Bx 2 —Ax* 

— 3Ca* — 6Aa 2 x—5Aax 2 — Cx* ^=0 

— 2 Da* — 7Ca 2 x —5Cax 2 — Dx* 

— 5Da 2 x — 4Dax 2 
therefore # 

Sa — A — C— D = t 17a 2 —B — 5Aa — 5Ca — 4Da=0 f 

26a* —5 B a — 6 A a 2 — 7 C a 2 —5 D a 2 =0, 

10a±— 6 J3 a 2 — 3 Ca 3 — 2 Z>a 3 = 0, 

equations from which we deduce t 

4=:2a,jB = a 2 , C = 2a, Z> = — a; 

t These values are found in the following manner. 

A = 3 a C D m 

B = \7a 2 —15a 2 +5Ca + 5Da—5Ca—4Da 
B=2a 2 +Da 

26a 3 — 5 B a — 6 A a 2 — 5 Z>a 2 

7a 2 

26 a 3 — 10 a 3 — 5 Pa 2 — 18 a 3 +6Ca 2 +6Z> a 2 — 5 Z> a 2 

o — — — — — — _. _ — — — — ^— .^— — — — — — 

7C = — 2a + 6C— 4D 
C = — 2a — 42> 

10a* — 65 a 2 — 3Ca 3 



D = 



2a 3 
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the proposed differential is therefore changed into 

(2az-f- a 2 ) d x 2 adx adx 

+ 



(a+x) 2 T 2a + i 3a + x' 

precisely as we found it above. The two last terms Ijave evidently 
for their integral 2 a I (2 a -\- x) — a I (3 a -\- x) ; with regard to the 

2ax4-a 2 _ . 

term — — dx, we make a 4- x = s, and have x = z — a, and 

1 (a-f-x) 2 

d x =jrf z ; whence we have 

(2 a z — a 2 )dz 2 adz a 2 dz 
_ — l or 



z 2 



a 2 a 2 

of which the integral is 2 a Iz -\ or 2 a I (a + x) -| -=- — ; the 

z a ~"fr™ 2/ 



a 2 



whole integral is— - — (-2 a I (a-\-x) -\-2 al (2 a-{- x) — aJ(3a-{-z), 

as it should be. 

137. This method is general. But there are several shorter ways 
of finding the coefficients. We may, for example, find the coeffi- 
cients of simple fractions, independently of each other, in the fol- 

N dx 
lowing manner. Let — -=r=—- be the fraction proposed; h x -f- a, one 

of the factors of the denominator ; let P represent the other factors, 

Ndx 
or be the quotient of M divided by h x — a. Conceive M to be 

decomposed into , ; 1 =r~ » we shall have 

hx-f- a l P 

Ndx ___ Adx Qdx N _ A Q 

~M~- hx + a + P ,0r Jr"~~ hx + a + P ; v 

therefore, by reducing to a common denominator, observing that 

we shall have iV= AP -\- Q(hx-\-a). But if we differentiate the 
equation (hx-\-a) \ P =M, we have h P d x -\- (h x -\- a) dP = dM. 
Now as this equation and the equation N = AP -f- Q (hx -|- a) must 
be true for every value of x, they must be true, if we give to x any 
value whatever. We therefore give to x the value which gives the 

most simple result, that is, the value — - obtained by supposing the 

it 

» . , „ ■ 

— 10g4 — 12 a 4 — 6Dfl 3 -f 6a* + 12Pfl3 
"~ 2 a 3 

==5a— 6 a — 3D + 3a + 6D.\ — %a=2D 

D = — a 

C=— la — 4D =— 2a+4a = 2a 

B =2a 2 •+- Da = 2 a 2 — a 2 = a 2 

A=3a— C— i>=3a— 2a + a=2a; 
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denominator h x -|~ a = 0. We then have h P d x = d M \ and iV= AP. 
Substituting in the second the value P= , given by the first, 

II U X 

hNdx 
and we have A s= — r-=^- i that is, to obtain the numerator A of any 

dM ' ' J 

one of the simple fractions, we must divide the numerator Nd x of 
the proposed fraction by d 31 the differential of its denominator, and 
having substituted for x the value obtained by making the denomina- 
tor of the simple fraction equiil to zfiro, multiply the whole by the 
coefficient of x in this denominator. 

To obtain, for example, ths value of the numerators A and B of 

the fractions — ; — and , into which we above resolved the 

a-\-x a — x 

d x 

fraction -— 1%$ we differentiate the denominator a 2 — z 2 , which 

a 2 — x 2 

gives — 2xdx. We then divide the numerator dx of the proposed 

fraction by — 2 x d x f which gives — ^- , in which successively sub- 

<Z x 

stituting for x, — a and a, (which are the values obtained by making 
the denominators a -|~ x and a — x' of the partial fractions succes- 
sively equal to zero), and multiplying by 1 and — 1, the values of h 9 

we have jr- , and — f° r tne values of A and B, as was found above. 
V>a %a 

We might also find general rules for ascertaining the coefficients 
of the numerators of the partial fractions which have for their de- 
nominator the product of the equal roots ; but shall not now stop to 
investigate them. 

138. Although the rules just given for integrating rational frac- 
tions be general, yet when some of the factors of the denominator are 
imaginary, we have, for an integral, quantities composed of imaginary 
ones. Such an integral is not the less real, though it is sometimes 
with difficulty reduced to a real form. In this case, we first take out 
all the. real factors of the denominator, and then decompose the re- 
mainder into factors not of the first but of the second degree, which 
are always real. Then, for each factor of the second degree, which 
may always be .represented by a x s -\- b x -\- c, we form a fraction 

of this form , , — ; , and determine the coefficients as 

a x 2 -(- o x -\- c 

above. 

139. If among the factors of the second degree, there are found 
any which are equal to each other, we form, for each group of these 
equal factors, a fraction of the form 

Ax**- l dx + Bx**-*dx+ Qdx 

(~ax 2 -{-bx+c) n ' 

n being the number of equal factors a x 2 -f- b x -|~ c. 

140. It only remains to show how these quantities may be inte- 
grated. 

With regard to the first, let us suppose, for the sake of making the 
operations more simple, that the partial fraction is reduced to the 
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form — —— ; — ~ , ,,, , which may be always done by dividing both 
x 2 -|- a! x -(- b' 

terms by a. 

We then cause the second term of the denominator to disappear 

by making z-j-£a'=z; which gives z = z — J af, and dx = dz; 

by substituting these values we obtain a quantity of the form 

Czdz + Dd z 

z* + q* ' 

Czdz 
of which, the first part i 2 * s * nte g rate d by logarithms (124) 

and the second by means of an arc of a circle, whose radius is q and 
tangent z. 

As to the quantities which have the form 

Ax* n - 1 dx + Bx2*-2 dx-{- Qdx 

(z2_|_ 2 a x + b)» ' * 

we make the second term of the denominator disappear, and obtain 
a quantity of the form 

Mz*«- 1 dz+Nz*»-*dz+ . . . Tdz_ 

(z2 +q 2)n -> 

dz 
which is integrated by reducing to the form g { — —, by the method 

given (131), the integral of the sum of the terms, in which z has 
even exponents. Those whose exponent is odd may be integrated by 

zdz 
what is given in article 91, or by being reduced to . , accord- 

ing to the method given (130). 

Thus every rational fraction is either integrated exactly, or de- 
pends only on arcs of a circle or logarithms. 

On certain Transformations, by which the integration may be 

facilitated* 

141. On this subject no general rules can be given. The inspec- 
tion of the quantities, experience, and practical address will dictate, 
on each occasion, what is best to be done. 

The object of the transformations here spoken of is to render the 
proposed differentials rational, as we then know how to integrate 
them. We subjoin, however, a few observations. 

142. If there are no radical quantities but such as are simple 
quantities, we first give them fractional exponents, which we reduce 

k 

to the same denominator. Then, if x l represent one of these quan- 

i 
tities so prepared, we make x l = z, which gives x == z 1 , and 

dxz=lz 1 — 1 dz. We substitute these values, and obtain a quantity 
entirely rational. If we have, for example, 

dx\/ir-\-adx 

3 ' 

\/x2 -f- V*" 
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i x d x I cl dx 
we give it the form -J-— ■ , which we change into 

z* d x~\-adx 

z* -(- z* 

Then making x* = z, we have z = z 6 , rfz = 6z 8 dz, and conse- 
quently 

6z 8 dz-\-6 az b dz 

which is reduced to 

6z*dz + 6az 2 dz 

z + 1 ' 

and easily integrated by the rules already given for rational fractions. 
143. Every quantity, in which there is only a complex radical not 
exceeding the second degree, and in which the variable under the 
radical sign does not exceed the second degree, may always be ren- 
dered rational by one or other of the two following methods : 1. Af- 
ter having freed from the radical sign the square of the variable under 
the radical sign, we make this radical equal to the same variable 
plus or minus another variable. 2. We decompose the quantity 
affected by the radical sign into its two factors, and make it, after 
being reduced to this form, equal to one of its factors multiplied by 
a new variable. 

dx 
If we had, for example, - , we might make <J X 2—a2 = x — z : 

S/x2—a2 

then x = — ^ — . Whence dx=: , n ' , and 

2z 2z 2 ' 

§ a 2 — z 2 ( z 2 — a 2 ) 

Vx2 — fl 2 = — s — =.— - — s - 7 ; 

2z 2z 

dx dz 
whence . = , which is easily integrated. 

We might also, in this same example, make 
\/x2 — a2, or \/(x—a) (x+a) = (z — a) z; then, squaring, and 

a -\- a z 2 
dividing by x — a, x -|~ a = (x — a)z 2 ; whence x = — — ; 

z ™~ • x 

2 a z — - 4 a zdz 

V**-a2 = ^^j i dxz= _ ; therefore 

dx — 2dz 

f^ x 2 — a2 z 2 — 1 

which is integrated by the rules given above for rational fractions. 
These methods may be applied to the rectification of the parabola,. 



, I 4y 2 dy 2 

of which the element \^dx2 + dya is Jdy 2 -j — „ a or 

19 



P 2 
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*yji + 



*y 



2 



p* 



We first free y* of its factors by writing it — - rT""!"^ 2 » anc * 

then make (~- -f- y 2 = y -f- z. 

144. When there is no radical but a square root, and no powers 
of x but even powers, we make the radical equal to a new variable 

d x 
multiplied by the given variable. If, for example, we had . » 

we might make \Z a 2 — *2 =xz. If there were a second term under 

the radical sign, we might, notwithstanding, make use of this trans- 
formation, having first made the second term disappear, at least when 
there is no power of x without the radical sign. 

145. Finally, we may, with a view to making a quantity rational, 
put the variable or any fraction of the variable equal to a new variable 
or some fraction of one, in which we leave something indeterminate, 
which may serve to effect the object in view. For example, to ascer- 
tain in what Case we might render the quantity 

x m dx(a-^-bx n y 

rational, we should make (a-\-b x? y =zQ f q being indeterminate. 

1 

We should have a-\-bx* = z p ; z*= — r — ; 

o 

7 1 q m 

JzP — a\* izl — a \* 

' L- 1 



therefore 



dx=z-— i-zP dzl — - 1 

npb \ b f 



n 



TO 1 



x"dx{a + bxny =*zl +q - l dzl Z -^\ 

npb . \ b / 

which is integrable, whatever may be the value of q, when ^it 1 — l 

n 
is a positive whole number or zero (85), and which may be rendered 

fa. I 1 

rational by making q =p, when — — 1 is a negative whole 

k 
number. And if the value of p is i -, k being an odd whole nun> 

ber, we may reduce it to the case mentioned (143), by making y= k 9 

tn-\- 1 k 1 

if — — has for its value ± -, kf being an odd whole number. 

146. We shall extend transformations of this kind no farther. 
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We shall only observe that certain integrations are often facilitated 

1 

by making the variable equal to a fraction, such as -. For exam- 

z 

pie, if we had — _ rt , ._ -— ; by making 25= -, we should have 

X 20 -J-Z 18 z 

— z 3 dz — az 18 dz 

, which may be reduced by division to a series 

of simple quantities, and a quantity of the form g , of which we 

already know the integral. 

On the Integration of Exponential Quantities. 

147. There are no other rules to be given on the differentiation of 
these quantities, than that we should endeavour to decompose them 
into two factors, one of which shall be the differential of the logarithm 
of the other, or a constant part of it (27) ; and then divide by the 
differential of the logarithm of this second factor. Thus we see that 

(11 ft V \ tl tl T 

dylx-\- 1 is integrable, because the factor dylx-^- 9 



xi 

x 

is the differential of y I x, the logarithm of & ; we therefore have, as 



{'»'+*£) 



the integral, *» A „ — — -f C; that is, 

xv + %r-l- + C, 

ydx 

d y lx + — 

or tv -\-C. By the same rule, we see that dxe* z '\% integrable, be- 
cause dx\s the differential of the logarithm of e a% , divided by a con- 
stant quantity. We have therefore 



/* dxe ax e* x 

dxe**= —-J-. 

adx le ale 



When € is the number whose logarithm is 1, the rule is reduced to 
dividing the proposed differential by the differential of the exponent 
of «• 

If we had x^dxe** to integrate, e being the number whose loga- 
rithm is 1, we might do it, when m is a positive whole number, by 
making 

jx m dxe az = e* 1 (4 x m -f B z*- 1 -+- E Z*- 2 -f- &c. -+- k). 
If, for example, we have x 2 dx &* , we suppose 

Jx*dxe** =se* x {Ax 2 -f- Bx + E). 
Differentiating (27), and then dividing by rfzi** ,we hart 
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z* = Aaz 2 + aBz + aE 
+ 2Az + B; 
whence Aa=l, aB + 2 A = 0, a£ + jB = 0; that is, 

1 — 2 2 

a a* a J 

wherefore the integral jz 2 dze az is 

(z 2 2 z , 2 V , _ 

The number e 9 whose logarithm is l y may be employed with ad- 
vantage for the integration of many quantities, especially when they 
contain logarithms. For example, if we had to integrate x n dz (I x) m , 
we should make lz=zz=zzle; wherefore z = e % ; d z== d z e l ; 
and consequently x n dz(lz) m = z m dze ("+ 1 )* , which is integrated 
in the same case as the preceding and in the same manner. 

On the Integration of Quantities with two or more Variables. 

148. If we examine the rule given for differentiating quantities 
with several variables, we shall see, that in order to integrate differ- 
entials with several variables (when it is possible), we must collect 
all the terms affected by the differential of a single variable, and 
integrate them as if there were no other variable but that, that is, as 
if all the others were constant If we then differentiate this integral, 
making all the variables vary successively, and subtract the result 
from the proposed differential, the integral, thus found, is, after a 
constant quantity is added, the true integral, provided there be no 
remainder. If there be a remainder, it will not contain the variable, 
with reference to which the integration has been performed ; we pursue 
with the remainder the same process as before, and so on with each 
variable. If, for example, we had 

3z 2 ydz-\-z Q dy-\-5zy* dy -\-y b dz\ 
we should take the two terms affected by d x, viz. 

Sz 2 ydz + y 5 dz, 
and integrate them as if y were constant. The integral is 

Now this quantity, being differentiated with reference to z and y, 
and the result subtracted from the proposed differential, nothing 
remains; we thence conclude that the integral is x 3 y-\-y b z-\-C. 
If we had 

x 3 dy-\-3z 2 ydz-\-z 2 dz-\-2zzdx-\-xdz-\-y 2 dy; 

by collecting all the terms affected by d z, and integrating, z and y 

x 2 
being regarded as constant, we should have x 3 y -|~ x 2 z-(- -— . Sub- 

trading the differential of this quantity, considered as having three 
variables, from the proposed differential, and there remains y 2 dy; 

we therefore take the integral of y 2 d y, which is ~, and adding it, 

together with a constant, to the integral already found, we have 



r 
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for the integral. 

149. But as it is not always possible to integrate a differential with 
several variables, it will be well to point out a character, by which it 
may be known when it is so. 

150. To this end, it must be observed, that if, in any quantity Q 
composed in any manner of two other quantities x and y, we at first 
substitute for z, a certain quantity p, and in the result substitute q 
for y, we shall have the same final result, as if we had first substituted 
q for y, and afterwards p for x. This is evident. 

151. It thence follows, that if we differentiate a quantity Q com- 
posed of x t y, and constants, making first only x variable, and then 
differentiate the result, * making only y variable, we shall have the 
same final result, as if we had first differentiated, making only y va- 
riable, and afterwards differentiated this result, making only x varia- 
ble. 

Indeed, let us conceive, that by substituting first x-\-dx for i, Q 
becomes Q' ; we have Q' — Q for the differential. If, by substituting 
V -\-dy for y in this quantity, Q' becomes Q", and Q becomes Q'", 

so that Q' — Q becomes Q" — Q'", we shall have Q" — Q"' Qt 

-f- Q for the second differential. 

Suppose now we substitute in the contrary order, and since, by 
substituting y-\- d y, instead of y, in Q, it becomes Q'", we shall have 
Q'" — Q for the first differential, on the supposition that y is varia- 
ble. If we now substitute x -|~ d x, instead of x, in this quanty, Q 
will become Q', as above, and Q'" will become Q" (150), so that 
Q!"—Q will hecome Q" — Q', wherefore the second differential will 
be Q" — Q' — Q /;/ -f- Q, precisely the same as before. 

Let us now suppose, that A representing a quantity composed of 

x and y, — — dy indicates the differential of A, taken by making y 

d A 
only variable ; and -j- dx that of A, making x alone variable. In 

like manner, dxdy will indicate that A was first differen- 

tiated, supposing only x variable, and the result was then differentia- 
ted, supposing only y variable. 

152. These explanations being thus given, let A d x -\- B dy be an 
exact differential, and M its integral ; we shall therefore have 

dMdx , dMdy M , , _ 
- J -.+ -^L=Adz + Bdy; 

therefore 



dM A idM n 
-—- = 4, and-— =B; 
d x dy 



therefore also 



ddM . dA J . ddM , dB , 

dy^-r-dy\ and dxz^-j- dx; 

dxdy * dy * dydx dx ' 




s 
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ddM dA \ddM dB 
dxdy dy dydx ax 

but it has just been demonstrated (151) that 

ddMdxdy ddMdydx 

dxdy dydx 

t , ddM ddM u , , <M dB 

wherefore -; — -=— = -= — ■= — ; wherefore also -^ — = -7— , 
dxdy dydx dy dx 

that is, if A d x -\- B d y be a complete differential, the differential 
of A found by making only y vary and dividing by d y, must be equal 
to the differential of B found by making only x vary and dividing by 
d x. 

Thus we perceive that -Jy 3 dz-\-xy 2 dy is a complete differen- 

. * , ^(£y 3 ) dixy 2 ) • n , /. , j 

tial. because — —, — - = . ; m fact, the first member is reduced 

dy dx 

V 2 dy , . , y 2 dx _ . _ • 

to , -, and the second to ~ . We perceive, on the contrary, 

dy dx 

d (x y\ 
that x y dx-j-2 xdy is not integrable because * ~ is not equal to 

rf (2 ») 
, dx 

153. If more than two variables enter into the proposed differential, 
that is, if it be of the form 

A dx -|~ B d y -|r Cdz, 

it is necessary, in order that it be integrable, that we have 

dA dB dA dC dB dC 

dy dx 9 dz dx* dz dy' 

indeed, we may successively consider z, y, and x as constant; and 
the differential, which has then only two terms, (since this supposi- 
tion makes either d z = 0, dx = 0, or dy = 0), must be neverthe- 
less a complete differential, since the proposed one is so. It must 
therefore, in each of these cases, have the qualities of complete differ- 
entials with two variables. 

It is easy, on the same principles, to find the necessary conditions 
of a greater number of variables. 

Remark. 

154. Let us suppose that Q is an unknown quantity composed of 
z, y } and constants, and that we know its differential Adz found by 
regarding y as constant. If we wish to find the total differential of 
Q, we suppose it to be Adx-\-Bdy\ then B must be such that 

... d A d B , „ _ _ d A , 
we should have -=-- = —7- ; therefore d B = ^— d x : we integrate, 

dy dx dy * 

considering x only as variable, since x alone was made to vary in B* 
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We ha?e B = /— ? — d x: whence B d y = dy I ^— dz. Now, 
since -4 «J a; is supposed to be the differential of Q, found by making 

x vary, we have Q = J A d x, the integration being performed, con- 
sidering x only as variable ; therefore the complete differential of Q 

or ofj Adxis Adx-\-dy £~-z — d x, or the integration /— j — d z 

must be performed considering y as constant 

On Differential Equations. 

1$5. When the proposed differential equation contains only two 
variables, x and y, and we have in one member the quantities x and 
d z, and in the other y and d y, the integration is reduced, for each 
member, to the rules given for differentials with a single variable. 

Thus, the equation a x m y n dzz=byt x r dy> which may represent 
any differential equation with two terms, has its indeterminate quan- 
tities separated at once by dividing by y n and by x r , and becomes 

az* tt — r dx=by*— n dy 9 

of which the integral is evidently 

ai w - r + 1 byi— "+ 1 

m — r-\-l q — n -(- 1 

156. But as it may happen that either one or both of the members 
of the differential equation thus separated may not be capable of in- 
tegration algebraically, while the equation is nevertheless algebraical, 
or may at least he reduced to an algebraical form, it will be well to 
examine such of these cases as most frequently occur. 

If, for example, in the preceding equation, we had m — r = — 1, 
and q — n = — 1, the differential equation would be reduced to 

— ± 9 and we can have the integral of each member only 

by means of logarithms ; so that we may have alz~ bly -\-l CA 
But this equation may be rendered algebraical, by writing it 

Jz« =/y*-f-/Cor lx a = lCy b . 

Now it is evident that if two logarithms are equal, the quantities *to 
which they belong must be equal; wherefore x a = C y b , an alge- 
braical equation. 

157. If we had only q — n = — 1, the differential equation would 

h //»# 

be az m "- r dz = — — t of which the integral is 

y 

=bly + lC; 

m — r-f-1 * ' ' 

but we may give this equation an algebraical form by multiplying the 
t It is allowable to suppose that the constant quantity is a logarithm. 



A 
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first member by I e, e being the number whose logarithm is 1 (114); 

for we thereby produce no change in equation. We shall then 

as™— r + 1 
have — r It = bl y -\-lC t 



m — r-(- 1 



axf 



or, (making m — r -\-l = p),l e p = lCy b , and consequently, 

a xp 
e p = Cy b . Hereafter we shall always indicate by e the quan- 
tity whose logarithm is 1. 

158. Let us take as a second example the equation 

. dz 

ndx= ' 

VI— Z 2 

The second member expresses (110) the element of that arc of a cir- 

/• dz 

cle whose sjne is z and radius 1. Whence z is the sine of / , 

J VI— z* 

that is, of Jn dx or n x -{- C. We have therefore, for the integral, 

% = sin (nz-\- C). In like manner, from the equation 

T — dz 

ndx = — , 

VI— z 2 
we should infer z = cos («z-)-C). 



159. In the same way, since 



dz 



(110) expresses the element 



1+22 

of that arc of a circle whose radius is 1, and tangent z, if we had 

dz 

, we should conclude z = tang (n x -\- C). And if 



n dx = 



1+25- 



we had n dx = 



bdz 



; we should, in order to reduce it to the 



a+fz 2 
form of the preceding, make z = m u f m being a constant coefficient. 

We should then have — : — ^— - — - ; supposing therefore fm 2 = a, 

a+fm 2 u 2> rr e j 

we should have m = I-—, which would give 

Sydu 



ndx = 6 



a-\-au 2 



whence we deduce = T d x nJ a f\ wherefore u, or — , or 

l + u 2 b J . m 

Therefore z = I-— tang / " i \/a7+ C | • 
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160. In the expression sin (ni-f- C), tang (n x -f- C), which ha?e 
just been found, n x -|- C expresses the. absolute length of the arc in 
parts of the radius 1. But as it is more convenient to employ the 
number of degrees, than the lengths themselves, it will be best, when 
we meet with such expressions, to estimate the arcs in degrees, 
which is easily done by dividing by the number of parts of the radius 
contained in a degree, that is, by 0,0174533 (125) or, which comes 
to the same thing, by multiplying by 57,2974166. Thus the sine of 
the arc whose length is 6, and the sine of the arc which has a num- 
ber of degrees expressed by 6 X 57,2974166, are the same thing! 

n dx d y 

161. If we had = — — , whose two members express 

the elements of two arcs which are to each other : : 1 : n, and whose 
sines are x and y ; then, in order to integrate, we should make each 

member rational, by putting in the first, \/l — x*=z <\ZZTT— z, and 

in the second, *J\ _ y J = y *J— l — t. The equation would be 

changed t (143) into = — , the integral of which is nlz = / 1 

z t 

+ /C, whence we have Ct=z n ; and by substituting for t and z 
their values, 

which expresses generally the ratio of the sines x and y of two arcs 
which are multiples one of the other. 

But in order to employ this equation, we must first determine the 
constant C. Now, supposing, as we may, that the two arcs have a 
common origin, then x and y must become zero at the same time. 
But in this case, the equation becomes 

— CvT =( —VT) n , or — C =(— 1)« ; 

now ( — 1)* is ± 1 or — 1, according as n is even or odd; we have 
therefore — C = — 1, and C = =p 1, the upper sign being for the case 
in which n is even, and the lower, when n is odd. Therefore, finally 

=F (y \/^T— Vi — y*) = (aV^rf— \ZT^2 )* . 

t By squaring, 1 — z 2 = — x 2 — 2 x z/s/ZTf -(- z 2 , whence 

— %2 ~ 1 
z -2*V=^i 



wherefore, 



(z 2 + l)\/ZrTdz , — 1— z 2 

= LJl2V__ ; Vl—j*-^ (-+1); 

ndx n\/—\dz 



\/i — X2 



t .l dy s/ZTidt 

In the same manner, , - = r — , whence 

t vT^ya t 

n*J—\dz *JZI\dt ndz dt 

= — , or = -—. 

z t z t 

20 
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In each particular case, we iqay always make the imaginary quan- 
tities disappear ; but the simplest way will be to transpose the whple 
to one side of the equation, and make some of the real quantities 
equal to zero; we shall then find the remaining equation to be divisi- 
ble by \ZZTi, and that it will be the same as that formed by making 

the sura of the real quantities equal to zero. If, for example, we 
make n = 2, we shall have 

— y V— 1 + Vi—y 22135 — * a — 2 x V—T- V*—* 2 + * — **» 

or 

y'l— y2 -\-2x 2 — 1 4-2#^"ITT. j^/i _ x2 — y^/ZTT=0. 
Making then the sum of the real quantities equal to zero, we have 

and the whole equation is reduced to 

2 x \/ — l . \/i — X 2 — y \f — 1 = 0. 
which being divided by y^T, gives 

2x \Zl — x2 — y = 0, or y =22^1-^ ; 
now, if we square this equation, and the equation 

Vl_y2 -(-2x2—1 =0, 
or rather \/i — y2 = 1 — 2x 2 , we shall have the same result. 

We may find in the same manner the cosines and cotangents of 

,. , _. ,, . ndx dy 

multiple arcs. For then we should integrate — - — - = -r— : — r 

* l + x 2 1+y 2 

(111), by decomposing 1+x 2 into (1 -j- x V^F) (1 — 5cV^T)> 
and 1 +y 2 into (1 -(-y^/ZTf) (1 — y ^ZT\)\ we should then 

finish the work according to the. rules laid down for rational fractions 
(133 and 136). 

162. While we are upon this subject, we will make known a mode 
of expressing the sine and cosine of an arc, which may be of use. 

» d y 

Let ci= ■ be the equation which expresses the relation 

between an arc x and its sine y. If we make \/iZ^y2 = y \/—i — %\ 

we shall have d x = 7==, or — = — - dx x/ZTJ, of which the 

zy-i * 

integral is / % = — xV^T+ * C,or Iz == — z*/^T'« + J C (157), 
which gives z=Ce V ~" 1 ; and substituting for z its value, we have 

y V— 1 — Vi— y2 = Ce v "~ . With regard to the constant C, 
it may be determiped by observing that the arc x and its sine must 
become zero at the same time. We shall therefore have V := T= C\ 

wherefore y y'— 1 — ^1^2"= _ ~ x V — * . and consequently 

Vi — y 2 = y V—i* + «~ * ~~" l ; 
squaring and reducing, we have 



y = 
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svcr.r^- 1 2 ^- 



then, as y is the sine of z, we have 

% V~F — ^ v^=n~ 

* — c 

sin 2 = . 

If, in the second member of the equation 

Vi— y2 =y\rzrr+e , 

we substitute for y the value just found, we shall have 

zv^=T~ — x\/=T , 

Vl — ya or cos x = — \-e 

At 

x^zrr + -x^r^r 



2 

therefore for the cosine we have 



e + c 

cos x = -t 



2 

But to return to the integration of equations. 

163. When the indeterminate quantities are not separate in the 
"proposed differential equation, it is best, before undertaking to sepa- 
rate them, to ascertain whether the equation be not integrable in the 
state in which it is. This may be known by examining (152) whether 

dA dJB . _ , _. _ _ , 

-~— = —z — , supposing Adx-\-Bdys=\) to represent the equa- 
tion. If this condition exists, we may integrate by the rules of 148. 

164. It may however happen that this condition does not exist, 
while the equation is nevertheless integrable ; which it may be some- 
times rendered by multiplying it by some factor composed of z, y 9 
and constants. 

Let this factor be P. Then AP dx-\~ BPdy = will be a com- 
plete differential. It is necessary therefore that 

d(AP) _ d(BP) 

dy dx 

The equation is thus reduced to rinding for P a function of z, y 9 and 
constants, which may satisfy this equation. But as this investigation 
would lead too far, we shall only find P in the case when it contains 
only x and constants, or only y and constants. Suppose therefore, 
that P is to contain only x, we shall have only 

ay ax ax 

whence we deduce 



dP 



idJ L _dB\ dz 
\dy dx J 

^^*^ — ^— ^— — — ^^ 
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dA dB 



d t/ d x 

we shall therefore easily find P, if — - — — is reduced to a 

Jo 

function of x, as is necessary in order that P should be, as we sup- 
pose it, a function of x only. 

We might also find the factor, if it were required that it should be 
composed of a function of x, multiplied or divided by a function of 
y of a known form. 

165. By this means we integrate in general any equation of the 
form 

Xy* dy + X y<+ l dx + X' y* dx = 0, 

X, X, X' being any functions of x ; q and r any exponents. 

yVe might investigate whether it would not be made integrable by 
being multiplied by a factor of the form P y n , P being a function of 2, 
and n an indeterminate exponent, and should find that this may be 
<lone by supposing n = — r. But it is simpler to reduce immedi- 
ately the whole equation to the form 

y q ~~ r dy -f- Fy9- r + 1 d x -f F dx — 0, 

X 1 X" 

by dividing by X and y r , and representing the quotients — and -r? 

X A- 

by F and F'. In order then to integrate this, we suppose that P is 

the factor ; P being a function of x. We shall then have 

Py*- r dy-\-FPyi-*+ l dx + FPdx = 0. 

Now if P is a function of x, FP will be so likewise, and f PFdz 

will be reduced to the the integration of quantities with a single va- 
riable. It is only required then to render 

Pyi-'dy + FPyi-r+idx 
a complete differential, which requires that 

d^yt-r) _d(FPyv- r + 1 ) 

dx dy * 

that is, that 

dP 
whence -— - = (q — r+ 1) Fdx; 

integrating, 

lP=f(q — r + l)Fdx=f(q — r + \)Fdx.le, 
whence P=;e/(?— r+i)Fdx m 

Substituting this value of P in the equation Py?" r rfy + &c. and 
integrating, we have 

yg V , , «/d-'+i)F4» 4- F y9-r+i dx ef(9-^-\.i)Fdx 4.^=0. 
q — r + 1 ^ .* ~ 

We have added no constant quantity in the integration of the 
equation which gives P f because, there being no condition to deter- 
mine it, we are at liberty to suppose it nothing. 



Differential Equations. 157 

Let us take an example. Suppose that we have to integrate 

«ljr + -^^- + (»«« + * *+/)**— a 

X 

Multiplying by P, we have 

Pdy + ( ^— + P(bz2 + cz+f)dz=Q; 
it is then necessary that 



dP _\ z ) _aP 



dx dy x 

whence _ = : whence IP = alx or P = x«. 

P x 

Thus the equation becomes 

x a dy -\-ax a — l dxy~\~bz a +*dx-\-c x a + l dx-\-fx* d x = 0, 
of which the integral is 

, oz a + 3 , cx a + 2 , fx a + 1 , „ A 

166. The general equation just integrated frequently occurs ; and 
the method we have given may be applied in many other cases. 
The following may be useful hereafter. 

If we had two equations, 

dx-\-a dy -f- (b x -\-cy ) Tdt = o f 

lcdx+ a' dy -j- (V x -j- c' y) Tdt — o, 
z, y, and t being variable ; a, b f c, a', &c. constant, and T any func- 
tion of t, we might reduce the integration of these two equations to 
the preceding method in the following manner; We multiply one 
of these, the first for example, by an indeterminate constant coeffi- 
cient g, and adding it to the second, multiply the whole by a factor 
P 9 which we suppose to be a function of t ; we have 

( g P + kP)dx + (gaP+a'P)dy 

+ ((gbP+b>P)x+(gcP + c<P)y)Tdt = 0. 
We now suppose this equation to be an exact differential. We must 
have (153) 
1st. d (g p + kF ) = d(((gbP+b'P)x + (gcP+c'P)y)T) 

2d d(gaP + a>P) = d(((gbP + b'P)x + (gcP + c>P)y)T) ? 
dt dy 

3d . ijgp+tr) = dj ga p+«p) funcUon 

dy dx b 

t 9 this last equation, in which t is considered constant, and therefore 
d t = 0, is reduced to = 0. And the two others give 

te+ k )-irr=(e b + b ') PT > and te«+«') 4f =d c + c ') pT ' 

whence -^- = Z±±l T dt, and 4£ = £i±i' Tdt; wherefore 
P g + k ' P ga+a! / 

j p w 

patting these two values of — =- equal to each other, and dividing by 

P 
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Tdt, we have , /. ~ = ^ i / > an equation in which g will be 



gb + V = gc+c' 

g + k ga-\-a' 

of the second degree, and which, being resolved, will give two values 

of g. 

Supposing then g known, we shall easily find P, since the equation 

Now the equation (g P -f- k P) d x -f- &c. being actually an exact 
differential, if we integrate it, we shall have 

(gP+kP)x + (gaP + a'p)y+C=0; 

therefore if g indicates the first value of g found from the above 
equation of the second degree, and we represent by g 1 the second 
value of g t and by P', the value which P takes by substituting g' for 
g, we shall also have (g'P 1 + k P 1 ) x + (g' cF + a , ?)y + e = 0, 
C being a new constant. Indeed, there is no reason why we should 
employ one of these values of g rather than the other. And from 
these two equations it is easy to deduce the values of x and y, which 
will be expressed in terms of t and constants. 

If the function T of t, which enters into the two equations, were 
different in each, we should proceed in the same manner, but should 
consider g as a function of t, and integrate as we should an equation 
of two variables, g and t. 

If there were four variables, x, y, z, and t, expressed by three 
equations of the form 

adx-\-b dy~\-cdz^-(e x-\-fy-\- kz) Tdt = 0, 

and the function Twere the same in each, we should integrate in the 
same manner, by multiplying the second and third by the indeter- 
minate constant quantities g and g' ; we should then add these two 
products to the first equation and multiply the whole by the factor P 
supposed to be a factor of t only. Then, supposing this new equation 
to be an exact differential, we should find (153) the equations from 
which to determine g, g* and P. The equation which gives g or 
that which gives g' will be of the third degree ; from Which we have 
three values for g, three corresponding values for g 1 and three for P. 
Changing the constant for each value of g 9 this will furnish three 
integrals, by means of which we may determine x, y and z in terms 
of t. We should proceed in the same way, if there were a greater 
number of variables, provided the equations were of the preceding 
form. The method would be the same, if there were one or more 
terms expressed in f , d t t and constants only. 

167. And if we had in general any number m of equations com- 
prehending m -(- 1 variables, combined together in any way whatever, 
we should multiply the second, third, &c. to the last, respectively by 
g t g i f g" y &c. supposed to be indeterminate functions of these varia- 
bles, we should add them to the first equation, and multiply the whole 
by a factor P supposed to be a function of these variables, and then 
suppose the whole equation to be a complete differential. If, for 
example, we had the two equations 

Adx + Bdy + Cdz=0, A'dx + B'dy+Cdz=0, 
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we should multiply the second by g ; adding jt to the first and multi- 
plying the whole by P, we should have 

P(A+A'g)dz+P(B+B'g)dy+P(C+Cg)dz=0. 

Now, in order that this should be a complete differential, we must 
have (53) 

d.P(A + A' g) _ d.P{B+B' g) . 

ay dx 

d.P(A + A> g)^ d.P(C+ Cg) m 

dz dz ' 

d.P(B + B'g) _ d.P(C+Cg) 

dz dy 

that is ; 

If, from the two last equations, we deduce values of — — and — r— 

dz dy 

and substitute them in the first, we shall have, after all reductions 
are made, 

x(il B^ £ ,_ £( C+£ £ , )+(B+B , #) 

( d(C+Cg) i(A + A'n 

\ dz dz ' 

an equation not depending on p. We then find for g a function of 
z, y, and z, the most general possible and one which will satisfy this 
equation. Having found g, we find for p a function of z, y and 2, 
which shall satisfy any two of the equations first found above, which, 
indeed, often requires a great deal of research, but which at least is 
always possible. 

It is to be observed that if we had only a single equation, that is, 
if A' =zO,B' =0, and C = 0, the last equation just found would be 
reduced to 

which being an equation of the conditions between the coefficients 
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A,B, C, shows that in order that a differential equation with three 
variables, Adx-\-Bdy-\-Cdz = to, may be integrable, even when 
multiplied by a factor, the coefficients A, B C must have the relation 
indicated by the equation 

c JdA_dm =Q 

\dy ' dx J 

When this condition is fulfilled, we determine the factor P, in such 
a manner as to satisfy two of the three equations 

d(AP) _ d(BP) d(AP ) ___ d(CP) d(BP) = d(CP) 

dy dx ' dz dx ' dz dy 

We thus see what is to be done with a greater number of equations 
and a greater number of variables; and we may determine, in the 
same manner, what are the equations, in which it would be sufficient 
that g should be a constant, or a function of one or two of the varia- 
bles, &c. 

168 When the proposed differential equation does not come under 
any of the cases already given, we must endeavour to separate the 
indeterminate quantities. Sometimes the common rules of algebra 
are sufficient to effect this ; at other times transformations are neces- 
sary. But there are many equations with regard to which it is diffi- 
cult to determine what transformations are best. 

The equation a x n d x -f- b y? x n d x = y k d y (c + f x h ) r is sepa- 
rated immediately by division, and is the same as 

(a -f- b y* ) x n dx = y k dy(e -\-f* h ) r , 

x n d x i/ k d if 

which becomes - — , * r— = — , f — , the integration of which 

(e+fx*y a + by*' B 

is similar to that of a binomial quantity with a single variable. 
And if we have 

gxdx =ax* y dy-]-%abx 2 y Q dy-\-ab 2 y b dy ; 
we easily see that it may be written 

gxdx— (x* + 2bz 2 y 2 +b 2 y^aydy, 
which may be written 

gzdx = (x 2 +by 2 ) 2 X ay dy. 
Now with a little attention we see that the separation will succeed 
if we make x 2 -\-by 2 =z; indeed, we thus have x 2 = z — by 2 and 
xdz=z% dz — b y dy; by substitution, 

£gdz—bgydy = az 2 ydy; 

X IT // V 

an equation from which we deduce , , = y d y, which is 

n bg-\- az 2 * * 

easily integrated. 

169. As no general rules can be given for making the transforma- 
tions, we shall confine ourselves to some very general cases in which 
the separation is known to succeed. 

In general, the separation succeeds in all those equations with two 
variables, which are homogeneous, that is, in which the indeterminate 
quantities x and y have, in each term, either when combined or sepa- 
rates the same sum of dimensions. 
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For, suppose Adx-\- B dy = Q\o be a homogeneous equation, 
and that we divide the whole by a power of x, whose exponent is 
equal to the number of the dimensions of the equation, it is easy to 

perceive that there will remain in A and B only powers of - and 

x 

constants; so that the equation will be Fdx-\- F dy = 0, F and F 4 

V 
being functions of - and constants. This done, since 

x 

xdy — y dx 



(*)- 



X 2 



^ = z, we have d x = — ~- — |- —?, and substituting for d x, we 



we shall have dx = d I— \-\~-dy\ if therefore we' make 

y \*ry * 

ydz dy 

z 2 ~^ z 

Fvdz Fdy 
have ^ — --| * -\-Fdy=Q, F and F being now funo- 

z z *• 

tions of z and constants. Now this equation gives 

dy Fdz 

~y = Fz+Fz 2 ' 

an equation entirely separated, since F and F contain no other varia- 
ble than z. 

For example, if we had y z d x -\-y 2 zdy-\-bx* dy = 0, which is 
homogeneous, and the number of whose dimensions is 3, we should 
divide by x 3 , we obtain 

making, therefore, - = z, or x = -, we should have 

x z 

zdy — ydz 

substituting in the proposed equation, it becomes 

z 2 dy — y zdz-\-z 2 dy -j-6c?y = 0, 

whence ~ = ^ „ , . , of which the integral is 
y 2z 2 +b' s 

ly = }l(2z 2 + b)+lC; 
whence y = C (2 z 2 -f 6)*, or y* = C* (2 z 2 -f 6), 

or finally y*^C* (2 =^-f"^ 1 » restoring in place of z its value -. 

170. It would be of great use to be able to render equations homo- 
geneous. But there is no general method for this purpose, and we 
are obliged to have recourse to transformations. Those which prom- 
ise any success consist in making one of the variables, or a function 
of one, or even a function of two, equal to a function of a new vari- 
able with indeterminate exponents. These exponents are afterwards 

21 



\<fa JtagnoJ Cakuh*. 

dfttferihitfed by <he condition that the transfennefl eqawtion is 46 be 

homogeneous. 

If, for example, we wish to find tbe <auws in which the equation 
a z m d & -{- b y n zi d y -\- c y k d y =z t to which form every equation 
of three terms may be reduced, nray become homogeneous, we tirafce 
% = z* ; we shall then have 

ahz mh + h ~ l ds-f-oy n z**dy-f- cy k dy =0. 

Now, in order that this be homogeneous, we tnust have ft ^£ h^-% 
and i = m A + ^ — 1 5 whence 

J = l -t-t, and A: = — — . » 

"» — J+ 1 m — 9+ l 

so that, if the exponents k, q, tn, and n are euch that this last eqnt- 

tion may be true, we may render the equation homogeneous and 

consequently effect the separation. 

171. In general, from not having any direct methods, we endeavour 
to reduce the proposed equations to other equations whose integra- 
tion is known. V^e proceed thus, for -example, 'wdth the "partietrfar 
equation dy-\-ay 2 dx = bx m dx t known by the name of the equa- 
tion of Riccati, and whic'h can be integrated only tor certain 'vtffaes 
of m. 

If m were zero, it would be dy-\-a y 2 dx—b dx, which is sepa- 

dv 
rable, giving r ^—^ = dx, which may be easily integrated. 

But in order to integrate the equation when m has other values, 
we must endeavour to change it into another, in Which ay* and 5 
shall be multiplied by the same power of x; it will then become sp- 
arable. The following is the method by which we find the values of 
m which allow of this transformation. We make y = AzP-\-xit; 
whence dy = pAzP— l dx-\-q%t~~ l t dz-\-z* dt; by substituting, 
we have 

p A xP-irfx-f q xi- 1 1 dx + z« df-f-ax 8 * ** dx + aA 2 x 9 * d z 

+ 2aAzP+itdx=ib4*dz. 
We suppose 

p — l=2p t pA-\-aA 2 = Q,p + q=:q— 1; q + Z aA =Q ; 

and we have p= — 1, ii = -, gr = — 2; which changes the equa- 

tion into x~ 2 dt-{- azr* t 2 dx=zb x^rfz, 

or •' dt + air 2 t 2 dx=hzn+*dz, 

which will be separable if m = — 4. 

If we make, in this last, t = -, it will be changed into 

dz +'bz m +*Z 2 £ x ^ a s-2 rf x . 

Making then z = A' xp' -f.-z<f t> , and proceeding as before, we have 

p' A'zv'' 1 dz + q' xf-i f dx +Z* dt* + bz**+"+»t f * d z 
+ b A' 2 x**'+*+*dz+Ub A' *?+* + *+**' dxcvzmx-***. 
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Jf w% suppose. 

2j>' + m + 2 =p — 1; />'jl' + 6ji'* =0; 

*+2:M'~O,*'-l=*p<-fr0' + »+2; 
we shall hare 

p*x±»-_m-~3, A'bb^L+L^, j/^—aw^ft, 

and 7T 2m ~* df + 6ar3"»-iof«dx=a2- a dz, 

or tf?+Aar-"^? B £fz=a« a «+*«fz, 

g 
which will be separable if — m — 4=2ro-f- 4, or if mas-j 

If we make f = - and afterwards z' = A"x-\- x*" t", and con- 
s' ' 

tinue the same process as before, we shall find successively that the 

12 16 90 

equaiiQP is separable when ro = H*' m== — "*"> m =* — "a"t* BC - 5 

— 4r 
tbftf.ife in, general, when. m = g - , r being a positive, whole num- 
ber. 

Taking the above successive substitutions for t, f, f", &c. we shall 1 
Qnd that # has for its expression 

continuing the process^ until the exponent of x in the first term of the 
last denominator shall be — m+2 • 7-H. — I ', and then the second 
term of these denominators will be ar- 9 *— 4r — 9 *: * being a variable 
which! after the substitution of this, value of y, is determined by th* 
integration of the resulting equation, which is then separable. The 
only exception is the case in which r == I, in which we have only to 
make y = Ar- a -j- 2— 2 <. 

Let us resume the equation dy-\*ay*dz^k$*dz and imagine 
that, instead of substituting at. first y=itai , -|- a *f> ,l8WC aavc done 

above, we first make y = -, and then ar^u Aa*+f I, and, proceed M» 

above ; wft shall, in like manner, #n yigjiula, that we may effect the 

separation wherever ro = w ' ^ r. being % positive whole nuinber. 

And the value of y will be 
1 

T C^r-Wi-s^'fcc. 

Continuing in the same, manner until- the first term in. a; in, tb* last 
denominator shall be of the power — m r— 2 r 4- 1 ; and then the 
second term must be z— 9 *— ir + 9 lv 
We may reduce to the same easeittie equation 
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til dy -\-ay 2 x* dx~bx™dx, by dividing by z* , and then making 

Such are the general methods to be employed when dx and dy 

do not exceed the first degree. As to equations containing different 

powers of dx and dy, as they cannot but be homogeneous with 

regard to dx and dy, we divide the whole by dx raised to a power 

equal to the sum of the dimensions of d x and dy; we then resolve 

dy 
the equation, considering ~ as the unknown quantity. Then, as 

CL X 

d % and d y will not be higher than the first degree, it will be per- 
ceived whether the preceding methods are applicable to the equation. 

On Differential Equations of the second, third, and higher orders. 

171. The liberty we have (19) in a differentiation, pf considering 
any one of the first differences as constant, will contribute in very 
many cases to facilitate the integration. But as it may happen that 
in a differentiation, we have considered as constant the differential 
not most proper to facilitate the integration ; we must begin by show- 
ing how we may reduce a differential equation in which some one 
difference is supposed constant, to another in which there shall be no 
constant. We may then suppose what we please constant Let 
therefore Adx 2 -\-Bdxdy-\- Cdy 2 -j- D d dy = 0, be the equa- 
tion with two variables and second differences, in which the first 
difference d x of one of the variables has been supposed constant 
After having divided this equation by d x, we write it 

which is in fact the same, since, if we suppose d x constant, di -j- \ 

ddy 
is equal to -—?. But if we do not consider d x as constant, then 

a x 

xddy — dy ddx 
dx 2 ' 

whence the equation is changed into 

in which there is no difference constant. 
Let 

Adx* + Bdx*dy + Cdy 2 dx+Ddy*+Edxddy+Fdyddy 

+ Gd*y = 0, 

be an equation with third differences, d x being always constant 
We divide by dx 2 , and have 
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which may be written 

+'2'G0+"((i)'(£))-- 

and, considering every quantity as variable in the differentiations 
here indicated, we shall have an equation in which there will be no 
longer any constant differential. 

Let us apply these principles to an example. Let 

d x 2 dy — dy 2 = adxddy -\-x dxddy 
be an equation in which we have supposed d x constant. It cannot 
be immediately seen how this equation can be integrated ; but if we 
render d x variable, by writing it 

dzd y — -J~ = ( fl dx + xdx ) d \T X \ 

we can, in the differentiation indicated in the second member, con- 
sider dy as constant, and we shall have 

•i 7 dy 3 / » . j v dy ddx 

dxdy—-f^-= — (adx + xdx) -j^- , 

which becomes, when reduced, 

dx 2 ~\-xddx-\>addx — dy 2 = 0, 
of which the integral, as may be easily perceived, is 

zdx-\- adx — y dy-\-Cdy = 0, 

adding a constant Cd y of the same order as the integral. This 
equation, integrated anew, gives 

ix 2 + ax _?£ + Cy + C = 0. 

172. Let us now examine equations with second differences and 
two variables. We give this name to those in which there is no dif- 
ference exceeding the second order, to whatever power dx and dy 
may be otherwise raised. 

We shall suppose one of the differences constant ; but it will be 
easy to learn thence how to proceed if they were both variable. 

Let then A ddy-\- B = be the general equation which may rep- 
resent any differential equation of the second order, with two varia- 
bles x and y, and in which d x is constant. A and B are functions 
of z, y, dx,dy, and constants. , 

We write this equation in the form ^ 

k being an unknown function of the same nature as A and B. We 
then multiply by P, supposed to be a function of z, y, dx,dy, and 
constants. We have 

APddy+P ^)rf y +£U~0, 
which we suppose to be a complete differential. 
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, This done, we have three differences, viz. ddy,dy, tad d** 

Considering these as the differences of so many different variables, 
we must have (153) 

dy ddy ' dx ddy ' 

'('(^)) '(£)■ 

rf x dy 

From these three equations, we may, by the process employed in. 
art, 167, deduce an equation in which P shall not occur, and which 
may serve to determine A, taking for k a function the most general 
possible of x, y, d z, und d y, with indeterminate coefficients, which 
may be substituted in this equation. After which we may determine 
t P, by taking, in like manner, a function of the same kind, and such 

as to satisfy two of these three equations. But we may simplify tbi* 
investigation, by confining it to finding for P a function of s, jf, d** 
and d y, which shall satisfy two of the equations. 
The first two of the three equations just found, give 

1^ = * p( b-*)+* /( p £-*M, 

dy dy 2 v '^ dy ddy 

d(AP) 1 1 d{PB) _ I d(Pk) 

dy ~ dy* K "~* } ^dy~ddf dy 44y ' 

d(AP) 1 d(Pk) 

and -S-z — £ = -j— \j . 

dx dx ddy 

Substituting, in the last equation but one, the value of > ^ i , « /, de- » 
duced from the last, we have 

~dy— dy-**** *>TTj-ddT *j TT' 
whence we have 

whence it will be easy to find k when P is known. 
From this last equation we deduce 

substituting the value of P (B — k) and of P k in the equation 

i(AP) ^ a V d y J 

dy "" ddy 

and in the equation 



-*—*) 
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and we shall have 



dx dy 



d (d{PB) dr d(AP) d d(AP)\ 

4\AP) d \ddy d% ~x dy ^T; 

dy . ddy 



and 



\ ddy dx . dy J 



dx 

d (PB_d I dJPB) + d dJAP) ,^<^1P)\ 
__ \ rfs c? x ddy dx x dx dy f 

~~ dy 

The question is therefore reduced to finding for P a ftinctionof t t 
y 9 dx, d y f and constants, which shall satisfy these two equations. 
But although this be always possible, it is not always easy; for which 
reason, we shall leave this general investigation, and examine some 
equations more limited, but still very much extended. 

We first observe toowever that it is easy, by the principles jest given, 
to ascertain whether the equation is integrable in its present state* 
we have only to suppose P = 1, when, if the equation be integrable, 
it will satisfy the two followin g ^equations : 

*A d (idjh dx (w)- d!, (^f) 

dy ddy 

ildB , dA • dA\ 
d \ddj- dx *;- d *-dj) 



and 



A 



dx 

dJL—*?! dB i -&* 4JL \ dy2 dA \ 

dx dx ddy* d x ' dx dyf 



dy 

This is general, whatever -taay be the differential equation of th» 
adctosd order, rf % toing constant 
1^3. iLet >it now be proposed to integrate the equation 

Gdx* + H dx dy + Kdy* + 2/ ddy = 0, 

in which the factor P which is necessary to render the equation inte- 
grable, need only be a function of x, y, and constants. It is sup- 
posed, moreover, that G f H 9 R, and L, contain neither d x nor d y, 
but are only functions of z, y> and constants. 
If we compare this equation with the general equation 

Addy + B=z{) t 
*e have 4*± £», and B*zG & x 2 -f Hdxdy+K dy*. ffiutai» 
tutfag 4a the tno equations found above, m order to jfatetmioe P, 
and observing that we have supposed P, G % H, K, and L to coutatft 
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neither d x nor d y 9 we shall have -4= — - = Kp ; and a second 

dy 

equation, which, after we have substituted in it for — ^-= — - , its value 

dy 

KP, is reduced to 

d(pHdz + KPdy-dx C L^l\ d tpGdx+dy^Q\ 

dx dy 

But since ^^ = *&, 
dy 

we have 

d l d(PL) \ dy d(PL) 
d(KP) _ \ rfy / _ dy ds 
dz <Jz ~~ dy ' 

and consequently 



* f <(^-\ 



d(KPdy) d * d \~dx-) 



d x dy 

wherefore oar second equation is reduced, after having divided each 
member by dx,to 

d(PH) dd(PL) d(PG) 

dx dxdx dy 

d(P T \ 

This equation and the equation — ^ — -=i£p are the equations 

dy 

which we have now to operate on, in order to integrate the proposed 
equation. 

We observe now, that in this last equation, y only is to be consid- 
ered as variable. This being fixed, performing the differentiation 

dP 
indicated, and deducing the value of — — we have 

dP K . dL 

taking therefore the integral, y only being considered as variable, 
since the differentiation was performed on that supposition, we shall 

have JP = PJjLdy — lL + lX. 

We add the quantity I X for a constant, by which we understand a 

t By the expression y , , is to be understood that we ought 

to differentiate PL, making x variable, and divide afterwards by d x, 
and then differentiate the result, making x again variable, and divide 
by dz: 
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function of z and constants ; because z has been supposed constant 

in the differentiation. 

X fK 

From this equation we deduce P = -=- ej -j; d y. If we substi- 

d (PH\ 

tute this value of P in the equation -— ~ — - — &c, and then divide 

/K 
„j „ L , we shall have an equation from which to determine X. 

But as Jf must be a function of z, it follows, that in order that the 
proposed equation be integrable by the multiplication of a factor 
composed only of z, y, and constants, all the y's in this equation 
must disappear. 

Let us suppose, for example, that we have the equation 

2ydx 2 + (2x + 3yx)dxdy+2x 2 dy-{-x 2 yddy=z0 t 
which in its present form is not integrable. We have 

L = x 2 y, G = 2y,H=2z + 3yz,K=2z*; 
therefore 

/2dy 
~~z. — X e , „ X n Xy 

z 2 y z 2 y z 2 y z 2 

Substituting this value of P, and those of L> G, H, &c. in the equa- 
tion — ^-7- — ' &c, we shall have, after transposition, 
dz 

_4Zy 2ydX 2Xy 3y 2 dX 3Xy 2 y 2 ddX 

x 2 zdx x 2 zdx z 2 dz 2 ' 

making the sum of the terms affected by y equal to zero, and then 
dividing one of the equations by y and the other by y 2 9 we shall have 
after making all the reductions, 

^ = ^ jan d — z 2 ddX+3zdXdz — 3Xdz*=zO. 

The first gives X= z 3 ; and this value, substituted in the second, 
satisfies it ; we have therefore X= z 3 , and consequently 

P = —£■ = xy. 
x 2 9 

If we now go back to the value of Pk t found (172), we shall have 

P/c=2xy 2 dx + 3x 2 y 2 dzdy, 

and p(B — k) — 2x 2 y d xdy + 2x* y dy 2 ; 

so that the equation, brought to the general form (172), becomes 

x*y 2 ddy+(2z 2 ydx-\-2xZydy)dy-\-(2xy 2 dx-\-3x 2 y 2 dy)dx=0. 

In order to integrate, we follow the rule given (148) ; we first take 
z 3 y 2 dd y 9 and consider d y only as variable, which gives z 3 y 2 dy. 
Differentiating this quantity, considering all as variable, and subtract- 
ing from the equation, there remains 

(2x 2 y dx)dy-\-(2xy 2 dz)dz. 

We integrate the first of these terms, considering y only as variable, 

22 
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and we shall have z 2 y 2 dx, the differential of which, taking x and 
y as variable, subtracted from the preceding remainder, leaves noth- 
ing ; whence the integral is, when a constant is added, 

* 3 y 2 d y + z2y*dz + Cdx = 
We may take as a second example, the equation 
2dz 2 + (3x + y-\-2)dydx-\-2zdy 2 +(z 2 -\-zy)ddy = 0; 

which is integrated in the same manner'. We shall find that X must 
be equal to z 9 and H = zy. 

174. If, after the substitution of the value of P, in the equation' 

— ±j — , &c, all the y'a disappear of themselves, the equation which 
ax 

must give X is then a differential of the second order ; whence it 
appears, that the method is, in this case, of no use. But it must be 
observed that the equation which will then be obtained, will be of the 
form 

Adz* + BXdz 2 + CdXdt + EddX=Q, 

A, B, C, E being functions of x and of constant quantities. Now, 
in order to integrate this equation, we must write it thus 

AP' d z 2 +BP'Xd z*+( C—k)P t d z d P+kP'd Pd x+EP'd dX=0. 

We now suppose that, P' and k being functions of x only, the last 
four terms taken together form an exact differential ; then the first 
term, being a function of z, will be readily integrated. 
The equations which result from this supposition, are 

d(EP') _ d(kP'dX+BP'Xdx) 

dx ~~ ddX ' 

d(EP') _ d((C' — k)P'dx) 
dX ~~ ddX 

d(kP'dX+BP'Xdx) _ d[(C— k)FdX] 

dX "~~ dx 

and 

d[(C— kf)P'dx-\ _ d(BP'Xdx ) 
dx dX 

These four equations are reduced to the two following (from the 
consideration that k, P', A, B> &c. do not contain P), 

dx . dx 

dp/ 
Deducing from each of these equation, the value of — — , and 

putting one of these values equal to the other, we shall have, after 
making all reductions, 

Edk + (C— k)d E—k(C—k)dx+ BEdx — EdC=0> 
a differential equation of only the first order, and on which depends 
the value of X, and consequently the integral of the proposed equa- 
tion. Supposing, therefore, that k has been determined by means of 
this equation, we may easily obtain p 7 , by means of the equation 
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j,. d(Ei>') wU .* . dp* kdx dE 
kp = -i—2 which gives -jr— y- W , 



and consequently 



i*=^« **** 



'/ 



£ V JS' 

1/ being a constant quantity. When the values of k and P* are 
found, we may find X 9 by substituting the values k and P* in the 
equation 

AP'dx* +BP'Xdx* + (C—k)P l dxdX+k P 1 dXdx 

+ EP*ddX=0 9 

and integrating. Now as this equation cannot fail of being a com- 
plete differential, we have for its integral 

dzJ % AP l dx + XdxfBP'dx + dxfkP'dx+Ldx=1> 9 

L being a constant quantity. This is easily integrated by what has 
been already laid down (166). We may therefore find X whenever 
we can find k ; whence it may be laid down as universally true, that 
whenever nothing is wanting to make the equation 

Gdx* + Hdxdx-\-Kdy* + Lddy*=*Q 9 
an exact differential, but a factor composed of x 9 y 9 and constants, 
this equation will be always reducible to a differential equation of the 
first order, whatever may be the value of G 9 H, K, L. 
But if, after the substitution of the value of P, in the equation 

d (PH\ 

—- — - &c, the equation still contains y 9 which cannot be made 

Or X 

to disappear, without subjecting the coefficients G 9 H, K, L, to cer- 
tain conditions, we conclude that the factor P must also contain x 
and dy; we must then have recourse to the general method (172). 

We might proceed in the same manner to ascertain in what cases 
any other differential equation of the second order ^ of a known form, 
may be integrated by multiplication by a factor composed of x, y, 
and constants, or of x, d y 9 d x p and constants, or of y, dx t and con- 
stants, &c. 

175. With regard to differential equations of the third order, if we 
suppose them to be represented generally by A d*y -f- J3== 0, A and 
B being functions of x 9 y t dx 9 dy, ddy 9 and constants ; if we sup- 
pose, moreover, that P is the factor composed of x 9 y 9 dx 9 d dy 9 and 
constants, which will render it integrable, we may write it thus ' 

Then the following equations must be true. 

d(AP) ^ "V ddy ) . d(AP) = V dy ) , 
ddy d*y ' dy dy* ' 

dx 557" ' d v d *y ' 
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dx ddy 



<('*&)_*&) 



dx dy 

By means of these equations £, h, and P may be determined. But 
we shall carry this investigation no farther. i 

The process would be similar for differential equations of still 
higher orders. 

176. It may be observed in conclusion, 1°. That when one of the 
two finite variables is wanting in an equation, it may be always re- 
duced to an equation of a lower degree, by making dy = pd z,p 
being a new variable. 

177. 2°. That the general equation 

j» y -J_ a d*~ 1 y d x + 6 d*-*y d z 2 -|-&c. . . -{-Ay d x* + Xdx* =0, 
a, b, &c. being constants, X a function of x and constants, and d z 
being constant, may always be easily integrated by a method similar to 
that employed above, for the equation 

Adx2 + BXdx*+CdXdx + EddX=0. 
To this end, it must be written 

P d* y + P(a— k) d n ~~ 1 y d x+ P k d n ^ 1 y dx 

+ P(p — k , )a n -*ydx2+Pk , d*-*ydx2+&c. 

-\-Phydx*-\-PXdx* = 0, 

P being the factor which will render the equation integrable, and 
which we suppose to be a function of x ; and k, k*, &c. indeterminate 
constants. 

We shall suppose that the terms, taken two and two, beginning 
with the first, form an exact differential. This supposition will give 
the equations necessary for determining P, k, k, &c. Having put 

dP 

the values of p equal to each other, we shall have equations in 

terms of k, Id, &c. by means of which k may be determined by an 
equation of the degree n. The value of k being found, we may 
easily find that of A 7 , &", &c. and that of P will be obtained by in- 
tegrating, which will be without difficulty done. Then for each value 
of k, we shall have a particular integral, observing to add to each a 
different constant. From n — 1 of these equations we may deduce 

the values of dy* — 1 , dy*— 2 , &c. and by substituting them in the 

last, we shall obtain the value of y in terms of x. 

178. 3°. If we should have several equations in which the differ- 
ences were not multiplied together, except that they were multiplied 
by the constant difference, and in which the variables should not 
exceed the first degree, nor be multiplied together, we might inte- 
grate them by multiplying the second, third, &c. each by a constant 
factor PjI^j&c. adding them to the first, and multiplying the whole by 
a factor P, supposed to be a function of the variable whose difference 
is constant. We should then decompose 'the terms affected by the 
differences of the same variable, as in the preceding equation. 
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If y for example, we had 

addz-\-bddy+(cdz-\-edy) dz + (fz-\-gy) dz 2 = 0, 

and 

a' ddz + b' ddy + (c'dz-fe' dy) dz + (fz + g'y) dz 2 = 0, 

by multiplying the second by p, adding it to the first and multiplying 
the whole by P, we should have 

P(a+<*')ddz+jp(c + c'p)dzdz+P(f+fp)zdz 2 
+ P(b + b'p)ddy + P(e + e'p)dydz + P(g+g<p)dz 2 = 0. 
We should then decompose c-\-c'p, into e-\-c l p — £and£; and 
e-\-e'p also, into e-\-e'p — Id and #. Then supposing that the 
terms, taken two and two, form exact differentials, we should have 
the equations necessary to determine k, Jd, and P. The equation in 
terms of z will rise generally, to the degree 2 n, which will furnish 
2 n integrals, by means of which we may eliminate all the differences 
and obtain the equations in terms of z and x, of y and z, &c. 

179. 4°. If the equations were still more general, p, p' t &c, as 
well as P, might be considered as functions of all the variables and 
their differences, and these functions might be determined by the 
condition of the total equation being a complete differential. 
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Note referred to in Art. 95. 

• 

Since an equation to a conic section is always of the second de- 
gree, and since the most general equation of this degree may in 
every case be reduced to the form 

bt 2 +cut+eu 2 -{-ft + gu-{-h = $ 
it follows that we may always make a conic section pass through rive 
given points, provided that these points, taken three and three, are 
not in the same straight line, a conic section never meeting a straight 
line in more than two points. 

Suppose A, B, C, D, E (Jig. 56) to be five given points, having 
this condition. If we refer these points to the line AD, which joins 
two of them, by drawing the lines BF, CH, EG, at a given angle or 
perpendicular to AD > then the distances AF, BF; AG, GE ; AH, 
HC; AD, which are considered as known, may be regarded as the 
abscissas and ordinates of a curve line. Now we may always suppose 
that this curve line has for its equation 

b t 2 -f- c u t -f- e u 2 +/ 1 + g u -\- h = ; 
for, let AF = n ; BF =m; AG = n'; GE = m' ; AH = n" ; 
Cfl r =m // ; AD = n"'i then it is evident that, 1st. For the point A, 
we shall have u = 0, and t= 0, which reduces the equation to k = 0* 
2d. For the point JZ we shall have u = n, and t = m, which changes 
the equation into bm 2 -\-cmn -\-en 2 -\-fm . . . . g n = 0, since k = (L 
3d. For the point E we shall have u = n', and t = m', and conse- 
quently b m' 2 + c m' n'-|- e n' 2 -\-fm' -{-g n' = 0. 4th. For the point 
C, we shall in the same maner find 

b m" 2 + c m" n" + e ri' 2 -f/ m" -f g n" = 0. 
5th. For the point D, where t = 0, and u = n"\ we shalr have 

e n'" 2 -f g n'" = 0, or e ri"+ g = 0. 
Now as these four equations contain all the quantities c, e,f, g, of the 
first degree, it will be easy to find their values ; then, by substituting 
them in the equation 

b t 2 + cut+ eu 2 -\-ft+gu+h = 0, 
orrather bt 2 + cut+e u 2 -{-ft-\-gu=z0, 

since k = 0, we shall have the value of c, e,f, g in quantities wholly 
known, and the equation will be divisible by 6. It will then be easy 
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to construct the curve and to determine whether it be an ellipse, 
hyperbola, parabola, or circle. If only four points were given, one 
of the coefficients would be arbitrary ; this would give the power of 
imposing, at pleasure, one condition ; if only three points were given, 
two conditions might be imposed, and so on. 

We distinguish lines by the degree of their equation. Thus the 
straight line, whose equation is of the first degree, is a line of the 
first order. t The conic sections are lines of the second order. It 
will be seen, therefore, that the above method may be used to deter- 
mine the equation of a line of the third order, which may be made 
to pass through as many points less one as the general equation of 
this order, with two indeterminates, has different terms. The same 
may be said of the higher orders. 

The method under consideration will serve to connect, by an ap- 
proximate and simple law, several known quantities, the law of 
which is very compounded or unknown. Suppose, for example, that 
three quantities are known, which may be represented by the lines 
CB, ED, GF (Jig. 57), and that thse quantities depend upon three 
others AB, AD, AF. It is proposed to find a quantity HI inter- 
mediate between the first, or situated near them, and which is de- 
rived from AH after the manner in which CB, ED, &c. is derived 
from AB, AD, &c. This question may be satisfied in an infinite 
number of ways by taking an equation with two indeterminates, u 
and t, having at least as many different terms as it contains such 
quantities as CB, ED, GF. But among all these different ways, 
that which is the most readily applicable to the different purposes to 
be answered by this method, is to. regard the line IH as the ordinate, 
and the line AH as the abscissa passing through the given points C, 
E, G, &c, and which has for this equation 

t == a-(-^ M "i" Ctt2 "i" & c *> 
by taking as many terms as there are quantities or points C, E, G ; 
then by supposing as above, that u is equivalent to AB, t will be 
equal to CB ; and u being equivalent to AD, t will be equal to DE; 
and u being equivalent to AF, t will be equal to GF, and so on ; we 
have thus as many equations for determining a, b, c, &c, as we have 
points. The values of a, b, c, &c, being determined, if we substi- 
tute them in the equation t = a-\-bu-\-cu 2 -\- &c, we shall have 
an equation in which every thing will be known except u and t, 
accordingly if we put for u the known distance AH, which answers 
to the quantity sought HI, we shall have the corresponding value 
*of t, or HI If we would imitate the perimeter ABCDEF 
ifiS- 58), we should let fall perpendiculars from a certain number of 
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the points of this curve upon a determinate line HZ, since by the 
method just laid down, we can determine the equation of a curve 
that shall pass through all these points, and in which t being of the 
first degree, u will be of the degree denoted by the number of these 
points less one ; then this equation will serve to determine interme- 
diate , perpendiculars, approaching so much the nearer to the true 
ones, according as we take in the first place a greater number of 
points A, B, C, D, &c. See Bezout's Algebra, Art. 411. 
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Note 2. 
General Demonstration of the Binomial Formula. 

• 

In Lacroix's Algebra, (art. 136, & seq.) is given a demonstration 
of the binomial theorem for the case of positive integral exponents. 
The following demonstration of the same formula for the case of 
exponents of any value whatever, integral or fractional, positive or 
negative, is taken from the Elements of Algebra by Bourdon, (art. 
202, & seq.) It may first be observed that the binomial z -\- a 

maybe put under the form x I 1 — ( — 1; whence it follows that 

(x -f- «) w =z m ll-|--| = z w (1 -f- z) m , supposing - = 
If then it can be shown that the formula 
(l-\-z) 1 »=l+mz-\-m — — - z 2 + m— — . — — - z* + .. . 

holds true, whatever be the value of m, it will follow, if we substitute 

a 

- for z, and multiply by z 1 * , that 

x 

(z + a)™ = z™ yi+m - + m —q-. — + . . . J 
= z^-f-ro ax m — 1 -f-m — - — a 2 z TO — 2 -f • . . , 

At 

and that this last formula must be considered as true. 

Now it has been shown that when m is any whole number (Alg. 
136, p.) 

(l-f.z) w = 1 -f.roz-f.ro— II- 2 2 .|. m __ _ . — _— .z3_j_& c . 

We now proceed to inquire from what algebraical expression the 
series 

l-f-mz+ro. — — z*+m— ^-. — g— z 3 +^c 
23 
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p 

is derived, when to is a positive fractional number -. If we indi- 

cate this unknown expression by y, we have the equation 

y =zl+mz-\-m-— — z 2 + to — —-. . z 3 +&c. (1) 

If to' be another positive fractional exponent, we shall in like man- 
ner have 

y = 1 -(- m'z + to' — - — z 2 + to' — — . — - — z* + &c. (2) 

At At O 

If now we multiply the equations (1) and (2) together, member by 
member, we shall obtain y y' for the first member. As to the second 
member, it follows from the laws of multiplication (Alg. art. 31), 
that the form of a product does not depend on the particular value of 
the letters which enter into its factors ; consequently, the above pro- 
duct must have the same form as in the case where to and to' are 
positive whole numbers. But in this case we have 

■ 

to — 1 

1 -{- mi & -f- m — 5 — z 2 + • • • = (1 + z ) m * 

aj 

to' — 1 
l+m'z + m 1 — -— z 2 + . . . = (1+*)*' ; ■ 

a* 

whence 

/i + »4 1 ^2 + ili \/i + ^ + i /!^ 2 »+, 1 J 

= (l+g)^ sa l + (m + « / )z + (» + ^) ^^ > " ; "' 1 ^ »«+.. 

therefore, the formula just obtained belongs equally to the case in 
which to and to' have any value whatever, in which case we have 

yy '=l + (m + m')z + (m + m') {m + m 2 ~ J)z 2 +....(S) 

Let to" be a third positive fractional exponent, we shall have 

to" — I 
y" = l+m"z + m" — 5— * 2 + 

At 

Multiplying these equations together, member by member, we 
obtain 

y y> y» = l+( m + m >+ m <<) z +( m + m >+ m i>) (m+^+w"— 1) %2 

Universally let there be a number g of exponents w, to', to'', to'" . . 
(q being the denominator of to or -,) we shall have 

y y >y" y>» . . . = 1 + r x + r ^ *"+£^- ^ * 3 + • • • • (4), 
r representing the sum of the exponents m -\-m' -\- m" -|- m'" . . . 
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If we now suppose in == mf = m" = ro'" ... in which case we 
have r = m-\-m-\-m-\-.. . . = w g, the equation (4) becomes 

y y = 1 + »» 5- « + w fi'- —^2 z2 + m 2- — ^ — • 3 * +• • 

Now we have by supposition, m = -, whence nt j =jp ; wherefore 

« — 1 n— 1 m — 2 

but p is a whole number, so that the second member of this equation 
is the development of (1 -f" z)p ; which gives us the equation 

yi t= (1 -J- z)p , whence y = (l-|-z)-=:(l -f- z ) m > therefore we 

conclude that 

/i i v ii i to — 1 _ , m — • 1 m — 2 „ . 

(1-f z)-=l+mz + m— ^.-z2 + i»— ^ — . — — z* +... 

m being any positive fractional number whatever. 

In order to demonstrate the truth of the formula for the case in 
which m is negative, either whole or fractional, it will be sufficient 
to suppose, in equation (3) which is formed of equations (1) and 
(2), m! = — m, which reduces equation (3) to y y' = 1 (since 

tn -f- mf = 0), from which we deduce y = -,. But since, by hypothesis, 

m is negative, mf or the value — m must be positive, and we have 

«i«,y = (i + *)«.' = (i + *)- = (i^p 

whence 

and consequently 

m — 1 

(l + z) TO =l-f-wz + w — - — z 2 + 



Note 3. 

On the Method of Indeterminate Coefficients. From Bourdon's 

Algebra, (Art. 208 and 209.) 

To give an idea of this method, let it be proposed to develope the 
expression , . , ; — in a series proceeding according to the ascend- 
ing powers of x. The development may evidently take place 
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since may be reduced to the form a (a' -|- &' «)"" x ; and by 

W ™T" O Z 

applying the binomial formula we may find the development sought. 
Let us therefore suppose it performed, and that 

— At— = A + Bz + Cx* + D x* +E z* + Fz* + . . . (1) 
a' -f- b' z ' x ' 

il, B, C t D, E, . . . being functions of a, a', &', but independent of 
z, and which, as their value is to be determined, are called indetermi- 
nate coefficients. 

In order to determine these coefficients, we multiply both mem- 
bers of the equation (1) by a' -f- b' z, arrange the terms according to 
the powers of z, transpose the term a, and we have 



ft __ ( Aa'+Ba' 
U - \— a + Ab' 



+ Ca' 
— Bb' 



,+ Dat 



8 



— Ea' 



z* + (2) 



+ C b' 

We now observe that, if we suppose suitable values to be given to 
A t B, C, D, . . . equation (1) must be verified, whatever value is 
given to x; the same is true of equation (2). 

Now if we suppose x = 0, the latter equation becomes = A a' 



a 



— a; whence we obtain as the value of A, A=—^; and if A is 



a' 



a 



equal to — , when z = 0, it must preserve the same value, whatever 



a 



be the value of z, since by supposition, A is independent of z : thus, 
whatever may be the value of z, equation (2) is reduced to 



-{ 



__ ( Bo! I x + Ca' 
+ AV\ +Bb' 

n— S Ba' + Ca' 
u — \ + Ab' + Bb' 



z 2 + D a 
--Cb , 

z + Da' 
— Cb' 



Z»+. .. 



or dividing by z 



+ ... 



(3). 



Now as this equation must also be verified whatever value is given 
to z, we make z = 0, and the equation becomes B a' -(- A b 1 =t 0, 



Ab' 



ab' 



from which we deduce B = -— , or B = — - X r= r« • 

a' ' a' a' a' 2 

As B must retain the same value, whatever may be that of z, we 

suppress in equations (3), the first term B a! -f- A b 1 which this value 

of B renders equal to 0, and divided by z, and we have 

Ca' + Da' z+Ea' z 2 + . . . 
+ Bb' + Cb' +Db' 

Again making z = 0, this equation becomes C a 1 -|- B b' = 0, 

j , B V _ ab' b' ab'* 
whence we deduce C = ;— , or C = — X y =* 



-{ 



a' 



a 



12 



a' 



i'3 



By the same process we should find D a' -{- C b' = 0, whence 

Cb' _ a b' 2 b' ab'* 



2>= r-orZ) = 



a' 



i'3 



X 7=^ t T-l &C 

a' a'* 



J 
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Here it is easy to perceive that any coefficient is formed from 

b' 
that which precedes it, by multiplying that coefficient by — 



in 



a' 



this way we have 

a a ab' , ab' 2 a6' 3 o , ai'* A 

= X -4- X 2 X 3 H X* 

a! a' 2 ~ a' 3 a* ^ 



af + b'x 



a 



'$ 



The fundamental principle of this method of. indeterminate coeffi- 
cients is this. If an equation of the form Q = M-{-Nx-\-Px 2 
-|- Q x 3 -(- • • • {M 9 N> -P» • • • being coefficients independent of x), 
may be verified, whatever value is given to x, each separate coefficient 
must necessarily be equal to 0. 

Indeed, since these coefficients are independent of x, if we obtain 
their values, by making particular suppositions with, regard to x, the 
value obtained will still belong to them, whatever value is given to x. 
Now if we make x = 0, we find M = 0, and by dividing by x, 

the equation is reduced to 

= JY T +Px+Qx2 + ...; * 

if we make again in this new equation x = 0, we find N = 0, and 
by dividing by x, the equation is reduced to = P -|- Q & + • • • &c. 
We have therefore separately 

M = 0, N = 0, P = 0, Q = . . . ; 
and by this means we obtain as many equations as there are' coeffi- 
cients to be determined. 

The application of this method requires that one be previously 
acquainted with the mode of developing with reference to the expo- 
nents of x. In ordinary cases the development may proceed accord- 
ing to the different ascending powers of x, but sometimes the 
expression must be separated into factors, before it is developed. 

-, for example, must be put under the form 



The expression 
1 



1 

x 3-~x 



3x — x 2 

, and we must then suppose 



Ixf^e-liA + Bz + Cz' + Df + ...). 



V 
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Note 4. 

Of the Methods which preceded and in some Measure supplied the 

Place of the Infinitesimal Analysis. 

There are several methods of resolving questions analogous to 
that of the infinitesimal analysis ; and although there are none which 
unite the same advantages, it may not be the less curious to exam- 
ine the different points of view under which this theory may he 
regarded. 

On the Method of Exhaustions. 

This is the method which the ancients made use of in their diffi- 
cult researches, and especially in the theory of curved lines and curved 
surfaces, and in the estimation! of the areas and solidities contained 
by them. As they admitted no demonstrations which were not per- 
fectly rigorous, they would not allow themselves to consider curves 
as polygons of a great number of sides. But when they wished to dis- 
cover the properties of a curve, they considered it as the fixed term 
or limit to which the inscribed and circumscribed polygons continu- 
ally approach, and as nearly as we please according as the number of 
sides is increased. In this way they exhausted, as it were, the space 
comprehended between these polygons and the curve; which cir- 
cumstance doubtless procured for this mode of proceeding the 
name of the method of exhaustions. 

As the polygons thus made use of were known figures, their con- 
tinual approximation to the curve, so as finally to differ from it by 
less tfian any given quantity, led to the knowledge of the proper- 
ties of the curves under examination. 

But geometricians were not satisfied with thus inferring or divin- 
ing, as it were, the properties of curves ; they would have them 
verified incontestibly ; this they effected by proving that any sup- 
position contrary to the existence of these properties led necessa- 
rily to some contradiction. This kind of demonstration was called 
reductio ad absurdum. 

By this means, having first ascertained that the areas of similar 
polygons are to each other as the squares of their homologous lines, 
they inferred that circles of different radii are to each other as the 
squares of their radii. This is the second proposition of the 12th book 
of Euclid, and the 287th article of Legend re's Geometry. Analogy led 
them to this conclusion, by imagining regular polygons of the same 
number of sides, to be inscribed in the given circles. For, as upon 



Notes. 183 

increasing to any degree the number of these sides, their areas remain 
as the squares of the radii of the circumscribed circles, they easily 
perceived that the same thing must hold of the circles, to which 
these polygons continually approached. But this was not enough. 
It was necessary rigorously to demonstrate that this is true in fact, 
and this they did by showing that every contrary supposition 
necessarily leads to an absurdity. 

In this manner the ancients demonstrated that the solidities of 
spheres are to each other as the cubes of their diameters, that a 
cone is the third part of the cylinder of the same base and altitude ; 
propositions which are contained in the fourth section of Legendre's 
Geometry. 

By means of inscribed and circumscribed figures; they also dem- 
onstrated the properties of curved surfaces and of the solidities con- 
tained by them. The law of continuity led them to the conclusion, 
and the conclusion was verified by a reductio ad absurd um. 

In this manner Archimedes demonstrated that the convex surface 
of a right cone is equal to a circle which has for its radius the mean 
proportional between the side of the cone and the radius of the 
base, that the whole surface of a sphere is equal to that of four of its 
great circles, and that the surface of a spherical zone is equal to the 
circumference of a great circle multiplied by the altitude of the zone. 
It was also by a reductio ad absurdum, that the ancients extended 
to incommensurable quantities, the relations which they had discov- 
ered between commensurable quantities. This method is certainly 
very beautiful, and of very great value. It carries with it the char- 
acter of the most perfect evidence, and never permits its object to 
be lost sight of; it was the method of invention among the ancients, 
and is to this day very useful, because it exercises the judgment, 
accustoms one to rigorous exactness in demonstrations, and includes 
the germ of the infinitesimal analysis. It is true that it requires 
some considerable exertion of mind ; but is not the power of pro- 
found meditation indispensable to all those who would penetrate into 
a knowledge of the laws of nature ? And is it not necessary early to 
form the habit, provided we do not sacrifice too much time to its 
attainment T 

On observing with attention the processes made use of in the 
method of exhaustions, we perceive that there is a great resem- 
blance between them and those used in the infinitesimal analysis. 
In each, auxiliary quantities are employed, always containing some 
thing arbitrary in their statement ; from considering the properties 
of these quantities, inferences are drawn with regard to the un- 
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known properties of the "curve or other quantity in question. The 
auxiliary quantities are then omitted, and the desired result re- 
mains freed from every thing uncertain or arbitrary. 

But " though few things more ingenious than this method have 
been devised, and though nothing could be more conclusive than 
the demonstrations resulting from it, yet it labored under two very 
considerable defects. In the first place, the process by which the 
demonstration was obtained was long and difficult; and, in the sec- 
ond place, it was indirect, giving no insight into the principle on 
which the investigation was founded. Of consequence, it did not 
enable one to find out similar demonstrations, nor increase one's 
power of making more discoveries of the same kind. It was a dem- 
onstration purely synthetical, and required, as all indirect reasoning 
must do, that the conclusion should be known before the reasoning 
is begun." * 

In the hands of Newton, this doctrine n^ade great progress 
towards perfection. His prime and ultimate ratios, are precisely 
the ratios made known by the gradual approximation of the auxiliary 
quantities to the quantities whose properties are sought. 

By this theory Newton extended the principles of the method of 
exhaustions, and he simplified its processes by freeing it from the 
necessity of having its results verified by a reductio ad absurdum, 
and by showing that these results are sufficiently established by 
the accuracy'of the mode employed to obtain them. 

Newton thus expresses himself in the conclusion of the view he 
gives of his theory. "These lemmas are premised to avoid the 
tediousness of deducing perplexed demonstrations ad absurdum, ac- 
cording to the method of the ancient geometers." t 

This great man advanced this doctrine far more considerably, by 
reducing this very method of prime and ultimate ratios to an algo- 
rithm, in his method of fluxions. By means of this calculus he in- 
troduced into algebraical analysis, not only these prime and ultimate 
ratios, but their terms taken separately, which was a modification of 
great importance, on account of the new means of transformation 
which it Jurnished. Newton, however, did not enjoy this glory 
alone ; he shared it with Leibnitz, who had the advantage of pub- 
lishing his algorithm first, and who, being powerfully seconded by 
other celebrated geometricians, associated with him, advanced his 
method far more rapidly than the method of fluxions was brought 
forward during the same time. 

* Playfair. View of the Progress of Mathematical and Physical Science, 
t Scholium to Lemma XI. Sec 1, Book I. of the Principia. 
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On the Method of Indivisibles. 

Cavalieri was the forerunner of the inventers of the infinitesimal 

analysis, and opened the way for them by his Geometry of Indivisibles. 

He was led to this by a tract of Kepler, on the measure of solids, in 

which he introduced, for the first time, the consideration of infinitely 

great and infinitely small quantities. 

In the method of indivisibles, solids are considered as composed 
of an infinite number of parallel surfaces, surfaces as composed of 
an infinite number of lines, and lines of an infinite number of points. 
These suppositions are certainly absurd, and should be employed 
with caution. They are rather to be considered as means of 
abbreviation, by the help of which, we obtain readily and easily, 
in many cases, what would require long and laborious processes by 
the method of exhaustions. For example. 

Let AB (fig. 59,) be the diameter of a semicircle AGB, ABFD 
the circumscribed rectangle, CG the radius perpendicular to DF; 
draw the two diagonals CD, CF, and, through any point m of the 
straight line AD draw the straight line m n p g perpendicular to CG t 
cutting the circumference in the point n, and the diagonal CD in the 
pointy. 

Conceive the whole figure to turn about CG as an axis; the 
quadrant ACG will generate the solid volume of the hemisphere 
whose diameter is AB, the rectangle ADGC will generate the cir- 
eumscribed right cylinder, the right angled isosceles triangle CGD 
will generate a right cone, having for its altitude and for the radius 
of its base the equal lines CG, DG; finally, the three straight lines 
m Si n g> P St w iU eacn generate a circle, whose centre will be at 
the point g. 

Now the first of these three circles is the element of the cylinder, 
the second is the element of the hemisphere, and the third that of 
the cone. 

Moreover, the areas of these circles being as the squares of their 
radii, and these three radii being the hypothenuse and sides of a 
right angled triangle, (since C g = p g, and m g = C n), it is 
evident that the first of these circles is equal to the sum of 
the two others : that is, the element of the cylinder is equal to the 
sum of the corresponding elements of the hemisphere and cooe> and, 
as it is the same with all the other elements, it follows that the* 
total solidity of the cylinder is equal to the sun of the total solidity 
of the hemisphere and the total solidity of the cone. 

But we know that the solidity of the cone is one third of that oF 
the cylinder, therefore the solidity of the hemisphere, is two thirds ; 

24 
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that is, the solidity of the entire sphere is two thirds of the solidity of 
the circumscribed cylinder, as was discovered by Archimedes. 

Cavalieri professed to consider his method as only a corollary of 
the method of exhaustions, but confessed that he could not give a 
rigorous demonstration of it. The great geometers who succeeded 
him soon caught the spirit of this method, and it was in vogue with* 
them, until the discovery of the new mode of calculation. It was t» 
this that Pascal and Roberval owed the success of their profound 
researches on the cycloid. The former of these distinguished author* 
thus expresses himself in relation to this subject. 

" For this reason, I shall not hesitate hereafter to make use of the 
language of indivisibles — ^-Mc sum of the titles, the sum of the planes; 
I shall not hesitate to use the expression, the sum of the ordinate*, 
which seems not to be geometrical, to those who do not understand 
the doctrine of indivisibles, and who think it is sinning against ge- 
ometry, to express a plane by an indefinite number of lines. But 
this comes of their not understanding it, since nothing is meant 
thereby, but the sum of an indefinite number of rectangles, each 
formed by an ordinate and one of the small equal portions of the 
diameter, the sum of which is certainly a plane. So that when we 
speak of the sum of an indefinite multitude of lines, we have always 
reference to a certain straight line, by the equal and indefinite por- 
tions of which they are multiplied." 

This passage is remarkable, not only as it shows that these geom- 
eters knew how to appreciate rightly the merit of the method of 
indivisibles, but still more, as it proves that the notion of mathe- 
matical infinity, in the very sense which is at .this day given it, was 
not unknown to them. For it is evident, from the passage just cited,, 
that Pascal attached to the word indefinite the same signification which 
we attach to the word infinite, that he called by the word small, what 
we understand by infinitely small, and that he neglected, without 
hesitation, these small quantities by the side of finite quantities r 
for we see that he considered as simple rectangles the trapezoids 
or small portions of the area of the curve, which are comprehended 
between two consecutive ordinates, neglecting, consequently, the 
small mixtilineal triangles, which have for their bases the difference 
of these ordinates. No one, however, has dared to reproach Pascal 
with want of rigor. 

We shall conclude the notice of this method with one or two 
examples. 

Common algebra teaches us how to find the sum of any number 
of terms taken in the series of natural numbers, the sum of their 
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-squares, that of their cubes, &c, and this knowledge furnishes to the 
geometry of indivisibles, the means of estimating the area of a great 
number of rectilineal and curvilinear figures, and the solidities of a 
great number of bodies. 

Let there be, for example, a triangle ; from its vertex let fall a 
perpendicular upon the base ; divide this perpendicular into an infi- 
nite number of equal parts, and through each of the points of divis- 
ion draw a straight line parallel to the base, and terminating in the 
two other sides of the triangle. 

According to the principles of the geometry of indivisibles, we 
may consider the area of the triangle as the sum of all the parallels 
which are regarded as its elements ; now, by a well known property 
of triangles, these straight lines are proportional to their distances 
from the vertex ; therefore, the altitude being supposed to be divided 
into equal parts, these parallels increase in an arithmetical progres- 
sion, of which the first term is zero. 

But in every arithmetical progression, whose first term is zero, the 
sum of all the terms is equal to the last multiplied by half the number 
of terms. Now, in this case, the sura of the terms is represented by 
the area of the triangle, the last term by the base, and the number of 
terms by the altitude. Therefore the area of every triangle is equal 
to the product of its base by half its altitude. 

Again ; let there be a pyramid : From its vertex let fall a perpen- 
dicular upon the base, divide this perpendicular into an infinite 
number of equal parts, and through each point of division, let a plane 
pass parallel to the base of this pyramid. 

According to • the principles of the geometry of indivisibles, the 
intersection of each of these planes, with the solidity of the pyramid, 
will be one of the elements of this solidity, which will be simply the 
sum of all these elements. 

But by the properties of the pyramid, these elements are to each 
other as the squares of their distances from the vertex. Calling the 
base of the pyramid B, its altitude A, any one of the elements just 
mentioned 5, its distance from the vertex a, and the solidity of the 
pyramid S, we shall have 

B : b : : A 2 : a 2 , 
therefore 

b = -^- « 2 . 

A 2 

Therefore S, which is the sum of all these elements, is equal to 
the constant quantity -j- multiplied by the sum of the squares a 2 ; 

A 
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and since the distances a increase in an arithmetical progression, (the 
first term of which is zero, and the last A,) that is, as the natural 
numbers from to A, the quantities a 2 will represent the squares of 
these distances from to A 2 . 

Now common algebra shows us that the sum of the squares of the 
natural numbers from to A 2 inclusively is 

2A* + 3A 2 +A 



But the number A in this case being infinite, all the terms whicb 
follow the first iiWhe numerator disappear, by the side of this first 
term ; therefore this sum of the squares is reduced to -J- A 3 , 

Multiplying therefore this value by the constant quantity — found 

above, we shall have for the solidity sought 

S = i BA ; 
that is, the solidity of a pyramid is the third part of the product of its 
. base by its altitude. 

By a similar process it is proved that, generally, the area of any 
curve which has for its equation 

a y m = x n , 

is — -j— . XY\ Y representing the last ordinate, X the correspond- 

ing abscissa, m, n, any exponents, whether integral, fractional, posi- 
tive, or negative. 

Thus the method of indivisibles supplies in some respects the place 
of the integral calculus; it may be regarded as corresponding to the 
integration of simple quantities, and this certainly was a great dis- 
covery for the time of Cavalieri. 

On the Method of Indeterminate Quantities. 

It seems to me that Descartes, by his method of indeterm mates, 
approached very near to the infinitesimal analysis, or rather, that the 
infinitesimal analysis is only a fortunate application of the method or 
indeterm in ates. 

Let there be an equation with only two terms 

in which the first term is constant, and the second susceptible of being 
Tendered as small as we please. According to what has been shown, 
(note 3,) this equation cannot hold unless the terms A and B x are 
«ach, separately, equal to zero. Therefore we may lay it down 
as a general principle, and as an immediate consequence of the 
method of indeterminates, that if the sum or difference of two pre- 
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tended quantities is equal to zero, and if one of the two may be 
supposed as small as we please, while ike ciher contains nothing arbi- 
trary, these two pretended quantities will be each separately equal to 
"*zero. x 

This principle alone is sufficient to resolve by common algebra all 
questions falling under the infinitesimal analysis. The respective 
processes of the two methods, simplified as they maybe, are absolutely 
the same. The whole difference consists in the mode of considering 
the question. The quantities which in the one are neglected as infi- 
nitely small, are understood in the other, though considered as finite, 
since it is demonstrated that they must eliminate themselves, that is, 
that they must destroy each other in the result of the calculation. 

Indeed, it is easy to see that this result can only be an equation of 
two terms, of which each is separately equal to zero. We may 
therefore beforehand, suppose to be understood in the course of the 
calculation, all those quantities which belong to that one of these two 
terms, of which . no use is to be made. Let us apply this theory of 
inde terminates to some examples. 

Let it be proposed to prove that the area of a circle is equr.l to 
the product of its circumference by half the radius ; that is, that 
calling this radius R f the ratio of the circumference to radius, n, and 
consequently the circumference n R, the surface of the circle S, 

S = i"R*. 

In order to do this, we inscribe in the circle a regular polygon, 
then double successively the number of its sides, until the area of the 
polygon differs as little as we please from that of the circle. At the 
same time, the perimeter of the polygon will differ a3 little as we 
please from the circumference of the circle, and the straight line 
drawn from the centre to the middle of a side, as little as we please 
from the radius R. Then the surface S, will differ as little as we 
please from J n R 2 ; consequently, if we make 

£ = £ * R* + <f, 
the quantity <p, if it is not zero, may at least be supposed as small as 
as we please. Now we put this equation under the form 

an equation of two terms, the first of which contains nothing arbitra- 
ry, while the second, on the contrary, may be supposed as small as 
we please; then, by the theory of indeterminates, each of these 
terms separately is equal to ; thus we have 

S — £ 7v R 2 = 0, or S = $ 7t R2 } 
which was to be demonstrated. 
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tfett is, we have exactly 

taking then the exact sura of each member, we have 

or, transposing, 

sum -g- *» dx= (3^5^ + C )- S um *-(Zzdx*-\-dz*).. 

Substituting in equation (1), we shall have er.actly 

S ^iJL-x* -{- c\— /sum—- (Szdz2 -J-rf x 3)— sum y 1, 

an equation in which the last term only contains arbitrary quantities, 
and may be supposed as small as we please. For the sake of con- 
ciseness, make this term v' ; the equation will become, by transposi- 
tion, 

an equation of which, by the principles of the method of indeter- 
minates, each term taken separately is equal to- zero, whence 

8 = — — z 3 -4- C 
3 A 2 ^ 

In order to^determine C, we have only to make x =0, then we? 

have 8 = 0, whence C = ; wherefore the equation is reduced to 

that is, the solidity of the pyramid from the vertex to the altitude 

B x* 
x is w~r^ > m order therefore to obtain the whole solidity of the pyra* 
o A 

mid, we have only to suppose x = A, which will give 

8 = i B A. 

This solution, as may be easily seen, is no other than that which 

-would be obtained by the processes of the infinitesimal analysis, by 

neglecting nothing, and the common infinitesimal analysis is only an 

abbreviation of these processes, since we neglect only the quantities 

(p t y', which, in the result of the calculation, fall only on that* one 

of the two equations into which the quantities are decomposed, of 

which no use is made. Now, what the infinitesimal analysis neglects 

may, by a simple fiction under the name of quantities infinitely 

small, be understood, in order to preserve the rigor of geometry 

during the whole course of the calculation. We thus see that 

the method of indeterininates furnishes a rigorous demonstration of 
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the infinitesimal calculus, and that it affords at the same time the 
means of supplying the place of it, if we choose, by common algebra. 
It were to be wished, perhaps, that this course had been pursued in 
arriving at the differential and integral calculus ; it would have been 
as natural as the method that was actually taken, and would have 
prevented all difficulties. 

Of the Method of Prime and Ultimate Ratios, or of Limits. 

The method of prime and ultimate ratios, or of limits, has also its 
origin in the method of exhaustions, of which it is, properly speak- 
ing, only a development and simplification. We owe this useful im- 
provement to Newton, and it is in his book of the Principia that 
it is to be studied. It will be sufficient for our purpose to give 
here a succinct idea of it. 

When two quantities are supposed to approach each other con- 
tinually, so that their ratio or, the quotient arising from dividing the 
one by the other, differs less and less, and finally as little as we 
please, from unity, these two quantities are said to have for their 
ultimate ratio a ratio of equality. 

In all cases, when we suppose different quantities to approach 
respectively and simultaneously other quantities which are consid- 
ered as fixed, until they differ respectively and at the same time, as 
little as we please, the ratios which these fixed quantities have to 
each other are the ultimate ratios of those which are supposed to 
approach them respectively and simultaneously, and these fixed 
quantities themselves are called limits or ultimate values of the quan- 
tities so approaching. 

These values and ratios are called ultimate values and ultimate 
ratios respectively, or prime values and prime ratios, of the quanti- 
ties to which they are referred, according as the variables are con- 
sidered as approaching to or receding from the quantities, considered 
as fixed, which^ serve as their limits. 

These limits, or quantities considered as fixed, may, however, be 
variable, as would, for example, be the coordinates of a curve ; 
that is, they may not be given by the conditions of the question, 
but be only determined by the subsequent hypotheses on which the 
calculation rests. Thus, for example, though the coordinates of a 
curve are comprehended among the quantities called variable, be- 
cause they are not of the number of the data; 'yet, if I propose a 
problem to be resolvsd respecting any particular curve, as that of 
drawing a tangent to it, it will be necessary, in order to establish my 
reasonings, and calculation, that I should begin by assigning deter- 
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minate values to these coordinates, and that I should continue to the 
end of the process to regard them as fixed. Now these quantities, 
considered as fixed, are comprehended, as well as the data of the 
problem, among the quantities called limits. 

These limits are the quantities whose ratio is sought. Those 
which are supposed gradually to approach them are only auxiliary 
quantities, which are interposed to facilitate the expression of the 
conditions of the problem, but which must necessarily be eliminated 
in order to obtain the result sought. 

We thus see the analogy which must exist between the theory of 
prime and ultimate ratios and the infinitesimal method. What, in 
the latter, are called infinitely small quantities, are evidently the 
same as the difference between any quantity and its limits ; and 
those quantities whose ultimate ratio is a ratio of equality, are those 
which, in the infinitesimal analysis, are said to differ infinitely little 
from each other. 

The principal difference between that which is called the method 
of limits and the infinitesimal method, consists in this, that in the 
former, we can admit into the process of calculation only the limits 
themselves, which are always definite quantities, while in the latter 
we may also employ the variable quantities, which are supposed to 
approach them continually, as well as the difference between them 
and their limits. This gives the infinitesimal method more means 
of varying its expressions and its algebraical transformations, with- 
out introducing the least difference in the rigor of the processes. 

The property thus obtained by the infinitesimal method renders 
it susceptible of a new degree of perfection still more important, 
which is the power of being reduced to a particular algorithm. 
For these differences between the variable quantities and their Jim- 
its, are what we distinguish by the name of differentials of their 
limits, and the simplification to which the admission of these quan- 
tities into the calculation gives occasion, are precisely what gives 
the infinitesimal analysis its importance. 

The method of limits or of prime and ultimate ratios, is neverthe- 
less far superior, for the facility of its processes, to the simple 
method of exhaustions ; since it is at least freed from the necessi- 
ty of a reductio ad absurdum for each particular case, by far the 
most difficult operation in the method of exhaustions ; while, by 
the other method, it is sufficient, in order to prove the equality 
of any two quantities, to show that they are both limits of the same 
third quantity. 
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If this method were always as easy in its application as the com- 
mon infinitesimal analysis, it might seem preferable, for it would 
hare the advantage of leading to the same results by a process 
direct and always clear. But it must be confessed that the method 
of limits is subject to a considerable difficulty which does not be- 
long to the common infinitesimal analysis. It is this, that as 
the infinitely small quantities are always connected by pairs, and 
cannot be separated from each other, we cannot introduce into the 
combinations, properties which belong to each of them separately, 
nor subject the equations in which they occur to all the transfor- 
mations which would be necessary in order to eliminate them. 
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